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Abstract

This paper studies the properties of complex Picard's approximation, we use
continuous complex operators to examine how well they approximate a function in
L,- quasi normed spaces in terms of the second-degree smoothness modulus. Using
the definition L, (D), we obtain some approximation properties for complex singular
integrals K (f) ().

Keywords: Complex Picard integrals; complex singular integrals; modulus of
smoothness.
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1. Introduction

1
Define L, (D) = {f :D—>C: ”_ﬂle(D) = (fD |ﬂp)p < oo} where 0 < p < 1, where

D = {z € C:|z| < 1} is the open unit disk and L,(D) = {f:D — C; f(0) = 0,f(0) = 1}.

Therefore, if f € L,(D), we have f(z) = z + Y52, byz?,V 3 € D.

Anastassiou & Gal [2] introduced & researched the complex singular integrals for G € R and
G >0,

K (N (z) = %f oof(zeiv)e‘W'/ng, z €D,
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G (m f(ze) —
Ng() (@) =2 [ Tz dV, z €D,
g.[-+oo f(ZeiV) _
NG == dv, € D,
g(f)(Z) ) VI+ge z

293 +0co f ZeiV _
X () = = f_m (V§+g2)2dv, zeD,
1 (", . ) _
TOE = f f(ze”)eV"/5qv, 5 €D,
1 (* . , _
75 (=) = «/?Qf f(ze=™)e V/5dv,  z€D. (1.1)

where D is closed unit disk.

In this case, NV;()(2), Vg ()(z) and X;(f)(z) are said to be of Poiisson- Cauchy typee,
K () (z) is said to be of Picard type and 7;(f)(z) and T (f)(z) are said to be of Gaus-

Weiierstrass type.

In [1,3-9], classes of convolution complex polynomials were introduced, and some geometric
properties such as the preservation of coefficients' bounds, bounded turn, positivity of real

part, univalence were proved, starlikness and convexity.

The objective of this paper is to study geometric and approximation properties by using
definition of L, (D).

Here we use the singular integral operator to study its approximation of functions in Lp(l_)) in

terms of the second order modulus of smoothness.

2. Complex Picard integrals

In the following paper, we examine the properties of ¢ (f)(2).
We start by explaining its approximation properties.

Theorem 2.1: If f € L, (D) and G > 0, then

(i) K5 (H) (=) is continuous on D.
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(i) w1 (K (0 B < C(P)%wl(f; B)p, where w, (f; B)p = liggllf(z +h) = f@ L, B>

0.

(i) [[3 (D) = f|, o, < cPIPp@3(; Gp, where
w39 = [2f(ze™) ~ 41(e) + 2f(ze ), VI <6
Proof: (i) Let z, 3, € D, we obtain

19560 =) = KO o)l = |55 1 (se™) = S(z0e™) e MVSav

< h < |ze® — z5e"|

1+ .
2—] |aLf(ze)|e V1S av
g —0 Ly (D)

a1
O Ca LRl

Lp(D)

1 [oe]
= Z—Z
6L

1ot .
< c@e V[ = V] ”E |ALf(ze ™))
j=1 Lp(D)

is a partion for (—oo, ), thus

[EIOIOREIGIEN]

s 1o 1
< c@)e VY ~ V|2 ) Sc0i(le ~ zDs
j=1

+00

1
<c(p)==

1
26) .. w1(f} |z — ZODEEe_Wl/ng

1
= C(P)Eah(f} |z — 20|)p-
This completes the proof.
(i) Let z € D & |h| < B, we get

|76 (D (z) — K;(H(z + B)||

Lp(D)
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where V; is a partion for(—oo, ).

Lp(D)

<

. 1
Bhf(ae™r) | e PilelY, — v

Lp(D)

17D (z) — K (D (z + h)||

< C(p),zzl ||%

Lp(D)

U |
Bif(ze™) < e Sy, — v,

Lp(D)

< c(p) zEwl(f; ﬁ)ﬁge_lvjl/gl’]]j —_ Vj+1|
j=1

+00

1
<cP)5=

1
%) w1 (f; ﬁ)@;e-'v'/gdv (2.3)

1
= C(P)Eah(fi B)p.

(iiii) We have

1 (t*® ,
K ()(2) ~1(2) = 3 f (216" — f(2)]e/5dv 2.4)

= %La[f(51eﬂ/) _ f(z)]e‘v/gdv + %Lm[f(zleﬂ?) _f(z)]e—v/gdv

o)

<2 % [2f(ze?) — 4f(2) + 2f(ze™")]|e V/9dV

= éfaw[zf(zeiv) — 4f(3) + 2f(ze~")]e”V/5dV, a > 0,

which implies
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|75 (D () —f(z)”Lp(D) = Héf [2f(ze™) — 4f(2) + 2f(ze~V)]e""/5dV

Lp(D)

<

éfoopf(zeiv) — 4f(z) + 2f(ze~"V)|e~"/9dv

Lp(D)

<

1(® .
Ef |A3f(ze)|e~V/9av
a

Lp(D)

BN |
Big(ze™ )z 1Y =

Lp(D)

.
<>,

where V; is a partion for(—co, o).

%5 (2) _f(z)”Lp@)

B |
B3g(ze™) g VY =

“w 3
j=1

Lp(D)

> 1 1 .,
<) ) zoa VI e Y |
j=1

gg> %e‘V/QdV (2.5)
D

1 VPt
< c() (5 | i+g] ;e-”/ng) w36 §)p < o3 G

0 2
WheI’EIIJ:éf: [1+g] %e—ngv-

3. Conclusion

In this work, the definition of L,(D) was presented to study the properties of the
complex Picard approximation. We used continuous complex effects and linked them to the
approximation. We obtained some approximate properties of the complex singular integrals

K () (2).
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