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Abstract  

This paper studies   the properties of complex Picard's approximation, we use 

continuous complex operators to examine how well they approximate a function in 

Lp- quasi normed spaces in terms of the second-degree smoothness modulus. Using 

the definition Lp(𝒟), we obtain some approximation properties for complex singular 

integrals 𝒦𝒢(ƒ)(𝓏).  
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 ة التقريب بواسطة المؤثر العقدي حول قرص الوحد

 محمد هادي لفته1*, ايمان سمير بهيه2

 

     قسم الرياضيات، كلية التربية للعلوم الصرفة، جامعة بابل، العراق 1
 ، العراق جامعة الزهراء للبنات ، كلية التربية 2

  الخلاصة 

الهدف من هذا البحث هو دراسة خصائص تقريب بيكارد المعقدة، حيث استخدمنا مؤثرات المعقدة المستمرة   

بدلالة معامل النعومة من الدرجة الثانية.  L_pفحص مدى نجاحها في تقريب دالة في الفضاءات شبه المعيارية ل

 𝒦𝒢(ƒ)(𝓏)املات المفردة المعقدة  على بعض الخصائص التقريبية للتك  حصلنانحن  ،  Lp(𝒟)باستخدام التعريف  

 . 

 

1. Introduction 

             Define Lp(𝒟) = {ƒ ∶ 𝒟 ⟶ ℂ ∶ ‖ƒ‖Lp(𝒟) = (∫ |ƒ|p
𝒟

)

1

p
< ∞} where 0 < 𝑝 < 1, where  

𝒟 = {𝓏 ∈ ℂ: |𝓏| < 1} is the open unit disk and Lp(𝒟̅) = {ƒ: 𝒟̅ ⟶ ℂ;  ƒ(0) = 0, ƒ′(0) = 1}. 

Therefore, if ƒ ∈ Lp(𝒟̅), we have ƒ(𝓏) = 𝓏 + ∑ 𝑏ℓ𝓏ℓ, ∀ 𝓏 ∈ 𝒟∞
ℓ=2 . 

Anastassiou & Gal [2] introduced & researched the complex singular integrals for 𝒢 ∈ ℝ and 

𝒢 > 0,  

𝒦𝒢(ƒ)(𝓏) =
1

2𝒢
∫ ƒ(𝓏𝑒𝑖𝒱)𝑒−|𝒱|/𝒢𝑑𝒱, 𝓏 ∈ 𝒟̅,

+∞

−∞
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𝒩𝒢(ƒ)(𝓏) =
𝒢

𝜋
∫

ƒ(𝓏𝑒𝑖𝒱)

𝒱2+𝒢2 𝑑𝒱,
𝜋

−𝜋
                             𝓏 ∈ 𝒟̅,   

𝒩𝒢
∗(ƒ)(𝓏) =

𝒢

𝜋
∫

ƒ(𝓏𝑒𝑖𝒱)

𝒱2 + 𝒢2
𝑑𝒱,

+∞

−∞

                      𝓏 ∈ 𝒟̅, 

𝒳𝒢(ƒ)(𝓏) =
2𝒢3

𝜋
∫

ƒ(𝓏𝑒𝑖𝒱)

(𝒱2 + 𝒢2)2
𝑑𝒱,

+∞

−∞

              𝓏 ∈ 𝒟̅, 

𝒯𝒢(ƒ)(𝓏) =
1

√𝜋𝒢
∫ ƒ(𝓏𝑒𝑖𝒱)𝑒−𝒱2∕𝒢𝑑𝒱, 𝓏 ∈ 𝒟̅,

𝜋

−𝜋

 

𝒯𝒢
∗(ƒ)(𝓏) =

1

√𝜋𝒢
∫ ƒ(𝓏𝑒−𝑖𝒱)𝑒−𝒱2∕𝒢𝑑𝒱, 𝓏 ∈ 𝒟̅.                         (1.1) 

+∞

−∞

 

where 𝒟̅ is closed unit disk. 

In this case, 𝒩𝒢(ƒ)(𝓏), 𝒩𝒢
∗(ƒ)(𝓏) and 𝒳𝒢(ƒ)(𝓏) are said to be of Poiisson- Cauchy typee, 

𝒦𝒢(ƒ)(𝓏) is said to be of Picard type and 𝒯𝒢(ƒ)(𝓏) and 𝒯𝒢
∗(ƒ)(𝓏) are said to be of Gaus- 

Weiierstrass type. 

In  [1,3-9], classes of convolution complex polynomials were introduced, and some geometric 

properties such as the preservation of coefficients' bounds,  bounded turn, positivity of real 

part, univalence were proved, starlikness and convexity.  

The objective of this paper is to study geometric and approximation properties by using 

definition of Lp(𝒟). 

Here we use the singular integral operator to study its approximation of functions in Lp(𝒟̅) in 

terms of the second order modulus of smoothness.   

2. Complex Picard integrals  

In the following paper, we examine the properties of 𝒦𝒢(ƒ)(𝓏).  

We start by explaining its approximation properties. 

Theorem 2.1: If ƒ ∈ Lp(𝒟̅) 𝑎𝑛𝑑  𝒢 > 0, then 

(i) 𝒦𝒢(ƒ)(𝓏) is continuous on 𝒟̅. 
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(ii) 𝜔1(𝒦𝒢(ƒ); 𝛽)𝒟̅ ≤ 𝑐(𝑝)
1

𝑛
𝜔1(ƒ; 𝛽)𝒟̅, where 𝜔1(ƒ; 𝛽)𝒟̅ =  sup

|ℎ|<𝛽
‖ƒ(𝓏 + ℎ) − ƒ(𝓏)‖Lp(𝒟), 𝛽 >

0.   

(iii) ‖𝒦𝒢(ƒ)(𝓏) − ƒ(𝓏)‖
Lp(𝒟)

≤ 𝑐(𝑝)𝜓𝜔3(ƒ; 𝒢)𝒟, 𝑤ℎ𝑒𝑟𝑒 

𝜔3(ƒ; 𝒢)𝒟 = ‖2ƒ(𝓏𝑒𝑖𝒱) − 4ƒ(𝓏) + 2ƒ(𝓏𝑒−𝑖𝒱)‖
Lp(𝒟)

, |𝒱| ≤ 𝒢.                    (2.1) 

Proof: (i) Let 𝓏, 𝓏0 ∈ 𝒟̅, we obtain 

  ‖𝒦𝒢(ƒ)(𝓏) − 𝒦𝒢(ƒ)(𝓏0)‖
Lp(𝒟)

= ‖
1

2𝒢
∫ |ƒ(𝓏𝑒𝑖𝒱) − ƒ(𝓏0𝑒𝑖𝒱)|𝑒−|𝒱|∕𝒢𝑑𝒱

+∞

−∞
‖

Lp(𝒟)
 

≤ ‖
1

2𝒢
∫ |∆ℎ

1 ƒ(𝓏𝑒𝑖𝒱)|𝑒−|𝒱|∕𝒢𝑑𝒱
+∞

−∞

‖
Lp(𝒟)

, ℎ < |𝓏𝑒𝑖𝒱 − 𝓏0𝑒𝑖𝒱| 

≤ ‖
1

2𝒢
∑ |∆ℎ

1 ƒ(𝓏𝑒𝑖𝒱𝑗)
1

𝑛
| 𝑒−|𝒱𝑗|∕𝒢|𝒱𝑗 − 𝒱𝑗+1|

∞

𝑗=1

‖

Lp(𝒟)

 

≤ 𝑐(𝑝)𝑒−|𝒱𝑗|∕𝒢|𝒱𝑗 − 𝒱𝑗+1|
1

𝑛
∑ ‖

1

2𝒢
|∆ℎ

1 ƒ(𝓏𝑒𝑖𝒱𝑗)|‖
Lp(𝒟)

∞

𝑗=1

 

is a partion for (−∞, ∞), thus 

‖𝒦𝒢(ƒ)(𝓏) − 𝒦𝒢(ƒ)(𝓏0)‖
Lp(𝒟)

 

≤ 𝑐(𝑝)𝑒−|𝒱𝑗|∕𝒢|𝒱𝑗 − 𝒱𝑗+1|
1

𝑛
∑

1

2𝒢
𝜔1(ƒ; |𝓏 − 𝓏0|)𝒟̅

∞

𝑗=1

 

≤ 𝑐(𝑝)
1

2𝒢
∫ 𝜔1(ƒ; |𝓏 − 𝓏0|)𝐷̅

1

𝑛
𝑒−|𝒱| 𝒢⁄ 𝑑𝒱

+∞

−∞

                   (2.2) 

= 𝑐(𝑝)
1

𝑛
𝜔1(ƒ; |𝓏 − 𝓏0|)𝐷̅.  

This completes the proof. 

 (ii) Let 𝓏 ∈ 𝒟̅ & |ℎ| < 𝛽, we get 

‖𝒦𝒢(ƒ)(𝓏) − 𝒦𝒢(ƒ)(𝓏 + ℎ)‖
Lp(𝒟)
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≤ ‖
1

2𝒢
∫ |ƒ(𝓏𝑒𝑖𝒱) − ƒ ((𝓏 + ℎ)𝑒𝑖𝒱)| 𝑒−|𝒱|∕𝒢𝑑𝒱

+∞

−∞

‖
Lp(𝒟)

 

                               ≤ ‖
1

2𝒢
∫ |∆ℎ

1 ƒ(𝓏𝑒𝑖𝒱)|𝑒−|𝒱|∕𝒢𝑑𝒱
+∞

−∞
‖

Lp(𝒟)
 

≤ ‖
1

2𝒢
∑ |∆ℎ

1 ƒ(𝓏𝑒𝑖𝒱𝑗)
1

𝑛
| 𝑒−|𝒱𝑗|∕𝒢|𝒱𝑗 − 𝒱𝑗+1|

∞

𝑗=1

‖

Lp(𝒟)

 

where 𝒱𝑗 is a partion for(−∞, ∞).  

‖𝒦𝒢(ƒ)(𝓏) − 𝒦𝒢(ƒ)(𝓏 + ℎ)‖
Lp(𝒟)

 

≤ 𝑐(𝑝) ∑ ‖
1

2𝒢
|∆ℎ

1 ƒ(𝓏𝑒𝑖𝒱𝑗)
1

𝑛
| 𝑒−|𝒱𝑗|∕𝒢|𝒱𝑗 − 𝒱𝑗+1|‖

Lp(𝒟)

∞

𝑗=1

 

≤ 𝑐(𝑝) ∑
1

2𝒢
𝜔1(ƒ; 𝛽)𝒟̅

1

𝑛
𝑒−|𝒱𝑗|∕𝒢|𝒱𝑗 − 𝒱𝑗+1|

∞

𝑗=1

 

≤ 𝑐(𝑝)
1

2𝒢
∫ 𝜔1(ƒ; 𝛽)𝒟̅

1

𝑛
𝑒−|𝒱| 𝒢⁄ 𝑑𝒱

+∞

−∞

                                      (2.3) 

= 𝑐(𝑝)
1

𝑛
𝜔1(ƒ; 𝛽)𝒟̅. 

(iii) We have 

𝒦𝒢(ƒ)(𝓏) − ƒ(𝓏) =
1

2𝒢
∫ [ƒ(𝓏1𝑒𝑖𝒱) − ƒ(𝓏)]𝑒−𝒱 𝒢⁄ 𝑑𝒱

+∞

−∞

                             (2.4) 

=
1

2𝒢
∫ [ƒ(𝓏1𝑒𝑖𝒱) − ƒ(𝓏)]𝑒−𝒱 𝒢⁄ 𝑑𝒱

𝑎

0

+
1

2𝒢
∫ [ƒ(𝓏1𝑒𝑖𝒱) − ƒ(𝓏)]𝑒−𝒱 𝒢⁄ 𝑑𝒱

∞

𝑎

 

≤ 2
1

2𝒢
∫ [2ƒ(𝓏𝑒𝑖𝒱) − 4ƒ(𝓏) + 2ƒ(𝓏𝑒−𝑖𝒱)]𝑒−𝒱∕𝒢𝑑𝒱

∞

𝑎

 

                             =
1

𝒢
∫ [2ƒ(𝓏𝑒𝑖𝒱) − 4ƒ(𝓏) + 2ƒ(𝓏𝑒−𝑖𝒱)]𝑒−𝒱∕𝒢𝑑𝒱, 𝑎 > 0

∞

𝑎
, 

which implies 
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‖𝒦𝒢(ƒ)(𝓏) − ƒ(𝓏)‖
Lp(𝒟)

= ‖
1

𝒢
∫ [2ƒ(𝓏𝑒𝑖𝒱) − 4ƒ(𝓏) + 2ƒ(𝓏𝑒−𝑖𝒱)]𝑒−𝒱∕𝒢𝑑𝒱 

∞

𝑎

‖
Lp(𝒟)

 

≤ ‖
1

𝒢
∫ |2ƒ(𝓏𝑒𝑖𝒱) − 4ƒ(𝓏) + 2ƒ(𝓏𝑒−𝑖𝒱)|𝑒−𝒱∕𝒢𝑑𝒱 

∞

𝑎

‖
Lp(𝒟)

 

≤ ‖
1

𝒢
∫ |∆ℎ

3ƒ(𝓏𝑒𝑖𝒱)|𝑒−𝒱∕𝒢𝑑𝒱 
∞

𝑎

‖
Lp(𝒟)

 

≤ ‖
1

𝒢
∑ |∆ℎ

3ƒ(𝓏𝑒𝑖𝒱𝑗)
1

𝑛
| 𝑒−|𝒱𝑗|∕𝒢|𝒱𝑗 − 𝒱𝑗+1|

∞

𝑗=1

‖

Lp(𝒟)

 

where 𝒱𝑗 is a partion for(−∞, ∞).  

‖𝒦𝒢(ƒ)(𝓏) − ƒ(𝓏)‖
Lp(𝒟)

 

≤ 𝑐(𝑝) ∑ ‖
1

𝒢
|∆ℎ

3ƒ(𝓏𝑒𝑖𝒱𝑗)
1

𝑛
| 𝑒−|𝒱𝑗|∕𝒢|𝒱𝑗 − 𝒱𝑗+1|‖

Lp(𝒟)

∞

𝑗=1

 

≤ 𝑐(𝑝) ∑
1

𝒢
𝜔3(ƒ; 𝒱)𝒟

1

𝑛
𝑒−|𝒱𝑗|∕𝒢|𝒱𝑗 − 𝒱𝑗+1|

∞

𝑗=1

 

= 𝑐(𝑝)
1

𝒢
∫ 𝜔3 (ƒ;

𝒱

𝒢
∙ 𝒢)

𝒟

1

𝑛
𝑒−𝒱 𝒢⁄ 𝑑𝒱

+∞

𝑎

                                     (2.5) 

≤ 𝑐(𝑝) (
1

𝒢
∫ [1 +

𝒱

𝒢
]

2 1

𝑛
𝑒−𝒱 𝒢⁄ 𝑑𝒱

+∞

𝑎

) 𝜔3(ƒ; 𝒢)𝒟 ≤ 𝑐(𝑝)𝜓𝜔3(ƒ; 𝒢)𝒟 

where 𝜓 =
1

𝒢
∫ [1 +

𝒱

𝒢
]

2 1

𝑛
𝑒−𝒱 𝒢⁄ 𝑑𝒱

+∞

𝑎
∎ 

 

3. Conclusion 

            In this work, the definition of Lp(𝒟) was presented to study the properties of the 

complex Picard approximation. We used continuous complex effects and linked them to the 

approximation. We obtained some approximate properties of the complex singular integrals 

𝒦𝒢(ƒ)(𝓏). 

 



Mohammed Hadi Lafta & Eman Samir Bhaya      SJPS 2023 (December), Vol. 2, No. 2, p.p.: 62-67 

 

67 
 

References 

[1] J. W. Alexander, “Functions which map the interior of the unit circle upon simple regions”, 

Annals of Mathematics. Second Series 17, no. 1, pp. 12–22, 1915. 

[2] G. A. Anastassiou and S. G. Gal, “Geometric and approximation properties of   some 

singular integrals in the unit disk”, Journal of Inequalities and Applications 2006, pp. 1-19, 

2006. 

[3] Gal, Sorin G. "Degree of approximation of continuous functions by some singular 

integrals." Revue d'Analyse Numérique et de Théorie de l'Approximation 27, on. 2, pp. 251-

261, 1998. 

[4] S. G. Gal, “Convolution-type integral operators in complex approximation”, Computational 

Methods and Function Theory 1, no. 2, pp. 417–432, 2001. 

[5] S. G. Gal, “On the Beatson convolution operators in the unit disk”, Journal of Analysis 10, 

pp. 101–106, 2002 

[6] S. G. Gal, “Geometric and approximate properties of convolution polynomials in the unit 

disk”, Bulletin of the Institute of Mathematics. Academia Sinica 1, no. 2, pp. 307–336, 2006.  

[7] S. G. Gal and V. Gupta, “Approximation by an exponential- type Complex operators”, 

Kragujevac Journal of Mathematics 47, on. 5, pp. 691-699, 2023. 

[8] V. Gupta, “Approximation with certain exponential operators”, Rev. R. Acad. Cienc. 

Exactas Fis. Nat. Ser. A Mat. RACSAM 114, on. 2, pp. 51, 2020.  

[9] A. S. Kumar, P. N. Agrawal and T. Acar, “Quantitative estimates for a new complex q-

Durrmeyer type operators on compact disks”, UPB Scientific Bulletin, Series A 80, on. 1, pp. 

191–210, 2018.  

 

  

 

https://scholar.google.com/citations?user=kJ70LXcAAAAJ&hl=ar&oi=sra
https://scholar.google.com/citations?user=kJ70LXcAAAAJ&hl=ar&oi=sra
https://scholar.google.com/citations?user=kJ70LXcAAAAJ&hl=ar&oi=sra

