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Abstract

This paper presents a new type of continuous family distribution constructed on
the truncated Rayleigh-Rayleigh distribution [0,1]. This distribution addresses the
challenges posed by increasing data complexity, particularly in failure modeling,
where it provides a suitable alternative when the normal distribution is inadequate.
Using the maximum likelihood method (MLE) for parameter estimation, simulations
were conducted to experimentally determine the behavior of the TR-RD parameters
with different sample sizes (n = 10, 20, 50, 100) and (200, 300,400,500). The
simulation results demonstrated that using small parameter values with large sample
sizes yields a clear advantage, achieving the lowest mean squared error (MSE). This
paper also defines several properties of this distribution, including, for example, the
r-order moment function, the reliability function, the failure rate function, the
dielectric strength function, and the Shannon entropy function.

Keywords: Rayleigh distribution, truncated function, the function of rth moment,
reliability, hazard rate function, Shannon entropy function.
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1. Introduction

The importance of Raleigh distribution (RD) appeared in various fields of science and
technology application, especially in the field of acoustics. Lord Raleigh was the first to
introduce this distribution in (1880) by Rayleigh [15], "Rayleigh distribution has good
relations with the other well-known distributions, chi-square distribution, Weibull
distribution and extreme value distribution, by Sanku and Tanujit [9]. Morad and Mahdi
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[4], introduced a new family of probability continuous distributions named the transmuted
Weibull-G family”. "They presented some valuable characterizations based on the ratio of
two truncated moments and hazard function”. Mustafa [12], presented a new extended from
Weibull distribution with three parameters. the researcher Mohamed [11], presented a new
class of distribution named Frechet- Extended distribution and they presented some of it's
properties. Abdulhakim [1], in this paper, the researcher proposed a new extension of the
Rayleigh distribution with two parameters, called the type | half-logistic Rayleigh
distribution. Chukwndi and Prince [13], The researchers presented an innovative probability
distribution called the Lambert-Rayleigh (LR) distribution, with the aim of overcoming the
limitations observed in traditional distributions, particularly the Rayleigh distribution. Najm
and Emad [14],They introduced a new distribution called "SGR" (Semi-Circular Generalized
Two-Parameter Rayleigh Distribution), a recent development based on Inverse Stereoscopic
Projection (ISP). Anabike and Ebubesuccess [6], They developed the New Extended
Rayleigh (NER) distribution by deriving it from the family of New Extended X distributions.
Dawlah [5], proposed a new distribution called the Exponential Generalized Whipple-
Rayleigh Distribution (EGWR), which is adaptable to different types of medical data. Alanazi
and Khudhayr [2], the authors presented an innovative asymmetric formulation of the
Rayleigh distribution, known as the generalized Komaraswamy-Rayleigh model.

In this paper we introduce a new probability distribution known as a [0,1] Truncated
Rayleigh- Rayleigh distribution ([0,1]TR-RD).
Suppose that X follows a Rayleigh distribution, then the probability density function (PDF)
and cumulative distribution function (CDF) of this distribution can be written in the
following form Sanku [8] and Catberine [10];

flx A) = ;‘—Ze-xz/(”z) x>0, 1>0 (1)
The corresponding CDF, is given by;
F(x; A)=1- ex/(22%) (2)

2.[0,1] Truncated G- L Distributions

Suppose that L(x)and l(x) be any PDF and CDF continuous type random variable X.
Suppose that G(.) and g(.) represents, the CDF and PDF respectively of any continuous
random variable bounded by [0, o).

The general form of CDF for a new class depends on substitute G with L given as

Mohamed [7] and Salah [3]
[L(x)]-G[0)] (3)

_ G
F(x)TG—L - G[1]-G[o]
Since we have G[0] = 0 , Then cdf in (3);

G[L(x)]
F(x)rg-1 = - 4)
G[1]

And its associated pdf, f(x) = [F(x)rg-] will be,
l
f(x)rgy, = Lot (5)

3. Truncated [0,1] Rayleigh Distribution

We present a new class of [0,1] truncated based on Rayleigh (RD).
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Let G(.) and g(.) in (4) and (5), be the pdf and cdf of (RD) recall (1) and (2) with one
parameter (4 > 0).We have G(0)=0 So,

GIL()]p_y = 1 — e~ LON*/(22%) . GMl=1-e"Y(22?)

And g[L(xX)]rr-1 = %9_@(@)2/( 22%)

Then giving to (4) , (5). Assume probability density function (PDF) and cumulative
distribution function (CDF) for a new class of distribution named [0,1] Rayleigh Truncated
[0,1] TR-LD) will be,

F(X)ppor, = 1 — e~ /(22°) /1 —e=1/(222) , A>0,x>0 (6)
and,

_(@e?
(o = D () 1 o2y, Aso0x>0 (7)

/12
4. [0,1] Truncated Rayleigh Distribution - Rayleigh Distribution

Assume that L(x) and [(x) , the Rayleigh Truncated Distribution by one parameter g, cdf
and pdf by way of,

Lix; B)=1- e~x*/(2B*) (8)
l(x, ﬁ) = %e‘xz/(zﬁz) (9)

According to (6), the CDF of new distribution called truncated [0,1] Rayleigh - Rayleigh
distribution ( [0,1] TR-RD ) given as,

1 —(1—e~*?/(2B?)
F(X)rg_p = m[l _ -/ )2/2,12)] (10)
The pdf [0,1] TR-R distribution can be obtained, according to (7) as,

_((1—e—x2/(232 ))2>ie_x2/(232)
1 (1_e_x2/(2ﬁ2))e 272 BZ

f)rr-r = P (1=em ) (11)
The reliability function [0,1]TR-R distribution can be obtained as,
R(x)tr-r = 1 = F(X)7g-r
—(1—e—X?/(2B%
R(X)TR—R =1— {1_3—11/2,12 [1 —e (1—e~x“/(2 ))2/2,12)]} (12)

The hazard rate function of [0,1]TR-R distribution as,
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f)TR-R
H(x)tr-r = R tar
_ 2 2
(e x|
1 _x2 2 A2 B?
m(l_e /(2B ))e < 2 ) Jl
H(X)rp-_p = 1 13

1—

2 2
1—e—(1-e=X?/(2B ))2/2/12)]}
1-e~1/222

5. Properties of the [0,1] TR-R D
First property that is f(x)rg—g is pdf,

limx—-0

1— e—(l—e°°)2/222)]}

chi_r)lg F(X)rp-r = il_wo {m [

_ 1-e~1/2)2 -1
T 1-e~l222

5.1 r-th Moment
The function of r' moment, [0,1]TR-R D, is
f0°° x"f(x)rr_rdx. Giving to (11), r'™ moment of [0,1] TR-RD is given by,
1

_ 1
- /12<1—e 212)
E(X" = " 1
( )TR—R fo x (1_e_x2/(232))2 X _x2/( 252 dx ( )
[(1 _ e_x2/(2‘82))e_<T>ﬁe x“/(2B )]

~ <(1_e—x2/( 2p? ))z>
Let, I = (1—e™*/(26%)), I=e 2

I=(1- e—xz/(ZﬁZ))

By using the formula by Mohamed [7],
1-wl=3¥2,(-Dic’v; <1,b>0, (15)
And e ™% = Z,?zo(‘%ku", (16)

According to (15) I will be,
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- o oia?
- Z(—l)l Cie2F”
i=0
Now,

~ (1—e~x2/(2%)y2
II=e 242

According to (16) Il will be,

> (—1Dk (1 — e~¥*/(2B)y2k
I = z
| 2\k
i k! (222)
Also according to (15) 11 will be,

k! (2A2)k t
k=0 t=0

Substitutes 1 and Il in (14) we get,

1
——— <22 (-D'C
E(Xr) f°° r ( lz(l e 2)112) =0 \ 4
TR-R = Jy X N
-1k )
Lje= Ok'(2/12)kzt o(—1)f CZk X o—(i+t+1)x?/(2p%)
( 1 > \
-D'G
/12 (1 — e_ﬁ) i=0
E(X")rr—g = A . [
(_1)k z( 1)t Ct f xr+1e_(i+t+1)x2/2ﬁ2
L =0k! (222)k B2 J
By using the formula, f x@ 1 o=Bx gy = F[(;?

The function of ™ moment of TR-R distribution, is given by,

—— T2 (=D
E(X")rp_p = (i) 17

-1k t ~2k (ZB) r(r+2)
Zk 0k|(2/12)k2t 0( 1) C ﬁz (l+t+1)r+2

Depending on the particular E(x") g p; (7 = 1,2,3,4), another properties of this distribution

such as, (mean U= E(x)), variance (var(x) =0%2=FE(x?) — (E(x))z) the skewness coefficient
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<51{ = E[X;“P = E(xz)_S”E(fz)””Z) . Coefficient ~ of  kurtosis (Kr = E(X—_,,f‘)‘t =
o (62)2 o
E(x*)—4uE( x3)+6u2E(x2)—3u3)
can be obtained, where,
1 . ;
( —— = T2(-D ¢ |
12<1—e 2212)
E(Xr)TR_R: } r 1234
=Dk t ~2k (282 ) r(r+2)
Zk 0 k|(2/12)k Zt O( 1) C ﬁz (l+t+1)r+2}
5.2 Function of characteristic @y (t)7r_r
The characteristic function of TR-RD is given by follows,
E( 1tx) _ J'o (lt) L EEXD
e ” TR-R
Therefore, the characteristic function of TR-R D is given by follows,
( %Zﬁio(—l)i C
w @GO7 ’12<1‘e 212)
Dy ()rr-r = Xr=o (18)

r!
r(r+2)

(=D e 2k (26
Zk 0k|(212)k2t 0( 1) C BZ (l+t+1)7‘+2

5.3 The function of Shannon Entropy

(SE) for TR-RD it will be presented by
- fooo In (f () rr-p)f (X) 7R dx

By taking the natural logarithm of the PDF in equation (7), the result will be obtained.

_((L(x))z)
%e 222 J1(x)
In(f(x)rp—g) = In 1-e~1/(222)

mL(x) —na? — &)
Inf(xX)tr-r = nbeo) ! 2/}21 (19)

+ Inl(x) —In (1 —e24?)

Let, V= In(L(x)) and VI=(L(x))? VII =In(l(x))
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V= ln(L(x))

= In(1 — e~**/(26"))

By using the formulas [7], In(1 — u) = —Z‘ixéouTl ;o lul<1l ,x>0

—1x2/ 2[?2

= _Zl 0 i
According (16) V will be,
)k k

Z%Z DI

i=0
Now VI = (L(x))?
VI = (1—e*/(26*))
According to (15) VI will be,
VI = Y2 ,(—1)5C2 e~5%*/(28%)

According to (16) VI will be,

t

_1\t
VI = 32,(-1)°C 5 S S x?

tl (2B2)t
Now,
Vil = in(I(x))
xZ
VII = In (%e'W)
= In(x) — In(2B?) — 232
. . . (x_1)2n+1
By using the formula [7], In(x) = 2)7-, ez X >0,
and (@ + )™ = X2, ™ a ™ 'ul we get,
2
VIl = ZZ(x DG+ D~ In(2BY) ~ o

By substituting V, VI, and VII into equation (19), we obtain,

The Shannon entropy function of the TR-R distribution can be expressed as follows:
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kik
( —¥2, l.z;:’_o%x% —~ In(22) )
o (-1 G R, S
SHrp-g == J; 1 2/12 > ¢ (2[32 * o f(X)rr-g dx
+2 Zn OZZn+1 2n+1( 1)(2n+1) m
oo @n+1) _w+m —
(Zw=0Cw X —In(2p%) — —In (1 —ez?))

2ﬂ2
Therefor, the function of Shannon entropy of TR-RD in (7) given by,

SHrgp—g =

( zl 07 ﬁz"o,f.(;;;)kf” X% f () g dx + In(A?)

)y st I
{ + 212 Zs:O(_l)SCS Zt=0 tl (2B2)t f Xth(x)TR—R dx
_22 0221‘L+1 2n+1( 1)(2n+1) m
n=

nsn) oo »
5020 G [ () g dix + In(2?) + 2 e

-1
+1n (1 — e22?))

282
f Z‘ 07Tk Ozf'(i%zl)kE(XZR)‘i'ln(/lz) )
SHrp_p = X 2,12 —7 Lozo(—D GG X2 o . (zﬁz)t E(X?) >
_Zzn 022n+1 2n+1( 1)(2n+1) m
(Zw=0Cw o),
Where,

E (XW+™), E(X%*),E(X?)and E (X?') asin (17) with (r = 2, 2t, 2k, w + m)

5.4  The function of Stress -Strength

Spouse X and Y represent two independent random variables (r.v.s) for Stress and
Strength, respectively, defined within the interval [0,1] with a TR-RD (Two-Parameter
Reliability Distribution). They are characterized by different parameters, specifically A, and
B1. The relationship or function between Stress and Strength is derived as follows:

SSrr-r = B (Y <X) = fooofx(x) rr-r By (x) dx,

where,
E,(x) = { —— [1—e—(l—e"‘z/“f”lz>>2/2112)]
1
1_e_(2112)
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According to(16) F, (x) will be,
1 0o i 0 (G 1) ik 22 2
B () = {mr Z2( DG o (1= e /00y

According to (15) E, (x) will be,

1

1
— 1 l O( 1) Cl Zk =0 (l ) 21 k
Fy(x) = 1\1-e 2112 '(211 )

Zt:o(_l)t C%ke_txz/zﬁl

According to (16) F, (x) will be,

11 @ (- 1)C12k0(1):
B = {1 e @)
t 2k - 2s
Yizo(—1) C )it (Zﬁlz)zx )

Therefore, by using (20), the stress -strength of the [0,1] TR-RD is provided by,

1 = = (=DRR
—— Dy ———
1 i k
1— e_z)LlZ ; z o k! (2/112) [
(-1

(_1)1: CZk ( 25)
; t s=05!(2.81 ) J

SStr-r =

Where,
E(X?) asin (17) with (r = 2s).
6. Estimation parameters of the TR — R Distribution

We obtain the maximum likelihood estimate (MLE) of the TR — R parameters. Let
X1, X2, ..., X, be a random sample size from the probability function X~TR —R( A4, ) ,
likelihood function is,

n

L g0 = | ireaa,pl

(1-e=*%/(2B%)y2

: i a )
=liso | iy |(L e/ #F)e L= B

-x2/(2p%)

(1-e~ ¥ /(2/32)) )B —x2/(282)

n 8
- <m) nol (1—e /(28" L
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So, log-likelihood function is,

(e~ /(2 hz)%e-xz/( 262)

1 —y2 2 _< 2
lnL(/l,ﬁ\X):anI(m) f;oln (1—6 x*/(2B ))e 22

The MLEs 4, and j, are obtained respectively by solving the four nonlinear equations,

1
AInL(AB\X) _ nin </12(1—e—1/( 2/12))> _ o
B _e~x2/(28%)y2 -
D [ln(l e (%)%e—xmmz )]
n[—In(2?) + In(1 — e~ V/(22))
KLLIGAL (1—e~¥%/(2B%))2\ x 210 o2 =0
n - —
o o [x2/(28%) - (2 ) e/

7. Simulated Data

A random variable x which has TR-RD will be simulated through by numerical solve
equation,

U(1 = e7V/222) = [1 - e (e /N2 = g
Where U represent ( [0,1] uniform distribution].

A simulation was conducted to experimentally determine the behavior of the parameters
TR-RD with different sample sizes (n = 10, 20, 50, 100) and (n = 200, 300, 400, 500). The
random variable TR-RD is simulated by applying the formula in (11) using the default values
for the parameters given in Table with 1 = 0.4, 1.4; § = 0.4, 1.4. The trial size is Z = 1000.

The root mean square error (MSE) is used as a comparison and evaluation measure, where
1000

1 -
MSE:W;((Z_Z)Z; {=Aorp

From the experimental results we can see:

- Inevery case, the value of MSE’ decreases as the sample size increases. This outcome
aligns with statistical theory. If the default value of is low the most accurate is n= 10,
20 and 50, The most accurate is always associated with the parameters A and
respectively.

- With high default values, the MSE values increase for all sample sizes.

- The values of A and g of the MSE parameters increase as the default value increases.

- The results show that as the parameter values increase, the MSE values increase for
all sample sizes, with a sample size of 500 showing the best performance in all cases.

Table 1- Empirical MSE values of parameter estimates for TR-RD for different cases with default values A
=0.4,1.4and B =0.4, 1.4 and Sample size (10,20,50,100)
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0.05

0.04

MSE Value

0.03

0.02

0.01

1.0

0.8

MSE Value
o
@

1
>

0.2

0.0

Default Sample MSE values
Values size
4 B n AmL BuL
10 0.0487 0.0542
0.4 20 0.0362 0.0428
‘ 50 0.0194 0.0227
04 100 0.0107 0.0168
’ 10 0.0985 0.9436
14 20 0.0742 0.8722
' 50 0.0366 0.5211
100 0.0172 0.3185
10 0.9763 0.0273
04 20 0.7832 0.0194
' 50 0.4713 0.0142
14 100 0.1376 0.0112
) 10 1.0972 0.8591
14 20 0.7199 0.5721
' 50 0.5821 0.4218
100 0.3975 0.2773

Case1:A=04,=04

Case2:A=04,8=14

Case3:1=14,=04

Sample Size (n)

Sample Size (n)

Figure --The effect of sample size (n) :The graph clearly shows the consistency of the results with the
"Asymptotic Theory", where the MSE values approach zero as the sample size (n) increases.
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Table 2- Empirical MSE values of parameter estimates for TR-RD for different cases with default values A =
0.4, 1.4 and g =0.4, 1.4 and Sample size (200,300,400,500)

Default Sample MSE values

Values size
A ﬁ n AML ﬁML
200 0.0105 0.0127
04 300 0.0101 0.0105
' 400 0.0098 0.0068
04 500 0.0083 0.0062
' 200 0.0170 0.3106
14 300 0.0153 0.3101
’ 400 0.0149 0.3086
500 0.0112 0.3036
200 0.1321 0.0109
04 300 0.1286 0.0101
’ 400 0.1212 0.0084
14 500 0.1174 0.0051
' 200 0.3288 0.2685
14 300 0.3094 0.2631
' 400 0.2792 0.2219
500 0.1984 0.2072
Case1: A=04,8=04 Case 2: A=04,8=14
0.013
&\\ —— Au 0.304 dme i h etttk pomosmsme |
0.012 S & Bu
0.25
0.011 4
i w 0.20
$ 0.010 > )
5 : -
‘g - \;J 0.15 1 - B ‘
0.008 4 p~ AR
0.007 \‘.\_ 0:057
0.006 4 : : — 1 0.00 t : ht —
Case3:1=14,=04 Case4:1=14,=14

0.30

0.28 1

o 0
g g
2 Amt @
s 2 0.26-
% 0.06 - By
= =
0.24
0.04
0.22
0.02
B e e
» T a 0.20
0.00 4 v - - - - T —
200 300 400 500 200 300 400 500
Sample Size (n) Sample Size (n)

Figure -2 The effect of sample size (n): It is clear from the four curves that as we move to the right (i.e., as the
sample size increases from 200 to 500), the mean squared error (MSE) values decrease for both estimators. This
behaviour practically demonstrates the consistency property of maximum likelihood estimators.
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7. Conclusions

In our research, we introduced a new family of continuous distributions known as the truncated
[0,1] Rayleigh-Rayleigh distribution. The simulation results demonstrated that using small parameter
values with large sample sizes yields a clear advantage, achieving the lowest mean squared error
(MSE). We derived several key properties of the [0,1] TR-RD, including the characteristic function,
rth moment, mean, variance, kurtosis, skewness, reliability function, hazard rate, and Shannon entropy
function. Wealso deal with the determination of SS;zr = P(Y < X) when'Y and X be to two
independent stress and strength respectively rvs [0,1] TR-RD with different parameters.
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