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Abstract

This paper proposes an expanded model of the SIRD epidemiological
model of COVID-19, which differs from traditional models in that it
calculates the cumulative mortality rate of COVID-19, calculating direct
deaths from the disease and indirect deaths resulting from pressure on the
health care system. Initially, simple linear equations were used, but numerical
simulations using MATLAB revealed a discrepancy in the paths, which led to
a decrease in the total number of deaths. To correct this discrepancy, the
research developed the model using a nonlinear saturation mechanism linked
to the number of people recovered. The model shows that the number of
recoveries is inversely proportional to the burden on health facilities. Based
on our model developed, all parameters of the model are biologically
reasonable as shown in results. The simulation results confirm that adding a
stress factor to the healthcare model contributes positively to improving the
effectiveness of the model in predicting the dynamics of mortality
development in the epidemic. This framework is a useful guide that enables
decision makers to evaluate the effectiveness and impact of public health
interventions.
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1. Introduction

Infectious diseases represent one of the most pressing global concerns facing medical
infrastructure systems. Because of this, quantitative modeling has proven to be a key approach
for understanding the transmission of infectious diseases, predicting outbreak trajectories, and
assessing the appropriateness of various disease control methods. Models derive from splitting
the population into several disease compartments and linking these to dynamic equations that
help to describe the temporal flow of individuals between these population compartments [1].
The SIR model, pioneered by Kermack and Mackendrick in 1927, is the best known model in
this domain. It divides the population into three main categories: susceptible persons (S),
infected persons (1), and recovered persons (R). This model had served as the basis for many
later epidemiological models, which are designed to better capture the transmission of diseases
[2]. The SIRD model, which incorporates a mortality class (D) to distinguish deaths from
disease, is a model modification of the SIR model that has been proposed with the rise of
epidemiological research [3]. Multiple epidemics, such as the COVID-19 pandemic, have been
extensively studied using these models which serve as estimators of the rate of disease
propagation and a finding for where the peak took place [4]. However, health system capacity
does not have a bearing on mortality, which is fixed, as conventional epidemiological models
have claimed. In fact, in large epidemics, health systems are confronted with severe pressure
due to the staggering rise in patient numbers, which can result in medical material
insufficiency, postponed treatment delivery and lowered quality of health care [5]. In these
cases, indirect deaths may occur, attributable not only to the disease but also to pressure on the
health care system and its limited resources [6]. Therefore, there was a need to develop more
realistic mathematical models that take into account the impact of health system pressure on
mortality rates and the undocumented prevalence of cases [7]. Integrating these mechanisms
and the impact of travel restrictions into epidemiological models can provide a more accurate
description of epidemic dynamics and clarify the relationship between health system capacity
and epidemic intensity [8]. In 2020, a mathematical model of SIR was studied in Italy,
comparing detected and undetected infections, different degrees of disease severity, non-life-
threatening cases (asymptomatic or mildly symptomatic; mild or moderate infection), and
potentially life-threatening cases (serious or severe) requiring admission to the intensive care
unit [9]. In this study, we first analyze a modified SIRD model that includes indirect mortality
effects associated with increased burden on the healthcare system. Numerical simulations of
this formula reveal epidemiologically unrealistic behavior in cumulative mortality dynamics,
and to address this shortcoming, we propose an expanded and improved SIRD model that
presents a nonlinear saturation mechanism driven by the recovering community.

2. First Model (Initial SIRD Model)

The COVID-19 pandemic highlights the need for mathematical models to understand and
predict the dynamics of infectious disease transmission. In this section, we will study on to the
more detailed SIRD model, where deaths are separated into a separate column (D) to enable us
to track mortality statistics directly and indirectly related to the pandemic due to healthcare
system overload. Removing the dead changes the population balance, which affects the number
of susceptible individuals and forecast accuracy. Without the category (D), all infected
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individuals are categorized as recovered, which is unrealistic for fatal disorders like COVID-
19. The system of equations that is given below describes the modified SIRD epidemic model:

S
—=—BS®I® (1)
dl
T =BSOIM -y 1) —pI©) (2)
=y ©
dD
—== AS@®) + A1) —aR(®) (4)

It is important to note that variable D does not only represent the rate of direct deaths (caused
by the epidemic), but it also represents indirect deaths, which are those resulting due to pressure
from the health care system (such as delayed treatments, lack of resources, complications
acquired from hospitals, and delays in operations).

A S(t): represents indirect mortality among susceptible individuals (not infected), primarily
due to healthcare system overcrowding and the consequent failure of medical interventions.
Examples include delayed operations, hospital-acquired infections, untreated bacterial
infections, and sometimes antibiotic shortages.

A 1(t): Denotes mortality among infected individuals despite receiving treatment, reflecting
the limitations of medical care in saving critical cases.

—a R(t):The recovered population contributes to alleviating pressure on the healthcare
system, thereby reducing overall mortality. This creates an inverse or protective population
effect, whereby an increase in the number of recovered individuals enhances community
immunity, mitigates healthcare burden, and consequently lowers indirect deaths. In Table 1,
we explained the basic variables used in the model and their meaning.

In accordance with our model, we made the following assumptions throughout the
simulations:

1. The model calculates both direct deaths from the pandemic and indirect deaths due to
failure of medical interventions. Examples include delayed operations, hospital-
acquired infections, untreated bacterial infections, and sometimes antibiotic shortages.

2. We assume that recovered individuals indirectly contribute to reducing mortality by
reducing the pressure on healthcare resources (because they have acquired immunity
and will not return to the hospital soon).

3. All state variables remain non-negative.

Figures 1 and 2 shows the numerical simulation of the SIRD model developed, where the
time trajectories of the different categories are shown in different colors: blue for susceptible
individuals (S), red for infected individuals (I), green for recovered individuals (R), and black
for deceased individuals (D).
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Table 1- Model parameters and their meanings.

Symbol Description

S Individuals susceptible to infection.

People infected (carriers of the coronavirus).

R Recovered individuals from the disease and acquired temporary
immunity.
D The cumulative number of deaths resulting from both direct and

indirect effects of the epidemic.
B The rate of virus transmission from infected individuals to those

susceptible to infection through contact.

y Recovery rate describes the speed at which infected individuals
recover.
u Death rate from the disease, representing deaths directly caused by

the infection.

A Indirect mortality rate associated with health care system overload
and treatment failure, affecting both susceptible and infected
individuals.

a The indirect protective effect of recovered patients by reducing
pressure on the healthcare system.

Simulation of Extended SIRD Model

1000
Susceptible (S)
—————— Infected (1) .
800 = Recovered (R) |
Deaths (D)
= 600 7
> §
o /
(&) J
= /
2 400 / 4
= /
3 Y
aQ
[®) /
0 200 1
5 #
-200 : -
0 50 100 150

Time (Days)
Figure -1 Numerical simulation of the SIRD model developed at 8 = 0.4,y = 0.1,u = 0.01,1 = 0.005, a =
0.002,t = 150and N = 1000.
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Simulation of Extended SIRD Model
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Figure -2 Numerical simulation of the SIRD model when t = 200.

2.1 Problem in the First Model

By carefully observing the results obtained from the numerical simulation of the first model
as shown in Figure 1, a flaw in the epidemiological realism of the mortality curve (D) becomes
apparent. We observe that the curve begins to decline after a certain period, mathematically
suggesting a decrease in the cumulative number of deaths, which is illogical in the study of
pandemics. This is due to the linear structure of the mortality equation, which allows negative
values to appear when the number of recoveries (R) increases. Therefore, an expanded version
of the SIRD model was adopted. This modification is designed to address the observed
deviation in model behavior.In addition, the proposed framework ensures that parameters
remain within realistic biological ranges and compatible numerical limits. As described in the
next section. This model replaces the linear limit with a nonlinear saturation mechanism. This
conversion maintains a positive cumulative increase in deaths over time.

3. Proposed Extended SIRD Model

In order to better understand the dynamics of large-scale epidemics such as COVID-19, the
proposed extended SIRD model presents a nonlinear structure. This model differs from
traditional models that assume mortality rates from disease only in that this model calculates
rates of direct mortality from disease and indirect mortality associated with pressure on the
health care system. The model is based on a preventive representation based on the saturation
principle, which is directly related to recovery dynamics within the community. The higher the
number of recovered individuals, the less pressure on health services. As a result, indirect
deaths are gradually decreasing, especially those resulting from the limited capacity of the
medical system. This nonlinear interaction enhances the model's more accurate representation
of epidemiological reality. However, its mathematical basis is nevertheless coherent and
analyzable. The balance in the system maintains a gradual and stable increase of cumulative
deaths where no irrational behavior occurs. The model offers a much more integrated view of
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epidemic dynamics by associating the effectiveness of a health system with the degree of
community immunity. It enables deeper analyses of mortality trajectories despite limited
medical capabilities. This is of increasing importance in places where health services are under
pressure from the spread of disease. The system of equations that is given below describes the
modified SIRD epidemic model:

PO s ©)
d;—(tt)zﬁs(t)l(t)—yl(t)—ul(t) ©)
POy i 0

ap(t) A(S® +1(D)
. MO TR ®

Where p I(t): This limit refers to the direct mortality rate associated with infected individuals.
That is, it describes cases that end in death despite receiving medical care. Its value increases
as the severity of the infection increases.

A(S(t) + I(t)): This concept encompasses indirect deaths, extending beyond those infected
to include those at risk of infection. The main reason for these deaths is the limited capacity of
the health system during periods of high stress. In such circumstances, necessary medical
procedures may be delayed, the likelihood of hospital-acquired infections may increase, and
some important treatments may be in short supply.

(H:R o This term refers to the protective effect that a population gains as a result of

individuals' recovery. Increasing the number of recoveries leads to a decrease in the number of
indirect deaths because it reduces pressure on health care and enhances community immunity.

a: This term refers to the effectiveness of recovered populations in reducing the health care
burden. A large value of (@) indicates a stronger protective effect and a greater reduction in
indirect mortality. In Table 2, we explained the basic variables used in the model and their
meaning.

To verify that the proposed model is mathematically correct before performing numerical
simulations given non-negative initial conditions, the model keeps all state variables non-
negative, ensuring that population segments remain epidemiologically meaningful over time.
Moreover, the aggregate population remains bounded, precluding implausible unbounded
growth and guaranteeing that trajectories evolve within a biologically feasible region. The
cumulative mortality compartment is formulated to remain monotonically non-decreasing, thus
preserving alignment with empirical fatality records.
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Table 2- Model parameters and their meanings.

Symbol Description

S Individuals susceptible to infection.

People infected (carriers of the coronavirus).

R Recovered individuals from the disease and acquired temporary
immunity.
D The cumulative number of deaths resulting from both direct and

indirect effects of the epidemic.
B The rate of virus transmission from infected individuals to those
susceptible to infection through contact.

y Recovery rate describes the speed at which infected individuals
recover.
u Death rate from the disease, representing deaths directly caused by

the infection.

A The indirect mortality rate is related to the strain on the healthcare
system. Its impact is subject to a saturation mechanism that depends
on the number of recoveries, reflecting a decrease in indirect
mortality as the strain on the healthcare system decreases.

a The indirect protective effect of recovered patients by reducing

pressure on the healthcare system.

Key points of the presented model serve as validation for its theoretical rigor and its
appropriateness in qualitative methods, such as the equilibrium and stability analyses. Figure
3 presents the temporal evolution of model variables. The compartments are depicted with
color: the susceptibles (S) are plotted in blue, the infected inhabitants (I) in red, the recovered
inhabitants (R) in green, and the cumulative deaths (D) in black. The number of the infected
increases initially; it reaches a peak and then declines slowly. The recovered class, on the other
hand, grows over time, because immunity accumulates in the population. The trajectories both
trend towards a saturating state and do not experience an unrealistic death curve drop. This
behavior suggests a more realistic construction than the classical SIRD-type models. This is an
effect due to nonlinear nature in which the indirect mortality behavior is well controlled. Thus
the cumulative deaths remain monotonically increasing, eliminating the inconsistency
observed in the earlier formulation.
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Extended SIRD Model Simulation
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Figure -3 Numerical simulation of the SIRD model when § = 0.4, y =0.1, u=0.01, 1 =0.005, a =0.002,
t=150.

3.1 Basic Reproduction Number (R,)

The basic reproduction number Ry, is introduced to describe the transmission potential of the
infection within the proposed model [10]. It represents the expected number of secondary
infections generated by a single infected individual. This analysis assumes that the entire
population is initially susceptible. Under this assumption, if If R, > 1, the infection is able to
spread through the population, whereas if R, < 1, the disease gradually disappears.

Let
_ R dd = D
T = N’ an =N
denote the normalized state variables, where N is the total population. The infection equation
becomes:

di

E=,Bsi—yi—/u' (9)

At the onset of the epidemic, the entire population is assumed susceptible, so s = 1. Thus,
the equation reduces to:

.
= =@ -7 - (10)

The epidemic grows (Z—i > 0) if and only if 8 > y + p. Dividing both sides by (y + ),
the basic reproduction number is defined as [10]:
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B
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0

The mortality compartment D has no effect on R,. Deaths are recorded in D without being
fed back into the dynamics of S, I, or R. Thus, D acts only as a counter and plays no role in
shaping transmission. Substituting the model parameters (8 = 0.4,y = 0.1,u = 0.01):

. 0.4 04 . 364 12
= (.1 + 001 ~ 011 7

The values of R, that have been computed are greater than 1, which means that the epidemic
spreads under those conditions. The reported estimates of COVID-19 place pooled R, between
2.81 and 3.82 [11], and the amount found fits this range. The model captures real-world
transmission dynamics. In SIRD-based frameworks, this threshold parameter was identified by
Hussien et al. as the key quantity that governs epidemic behavior [10].

3.2 Stability Analysis

Local stability of the equilibrium points is examined to understand the qualitative behavior
of the model. Two outcomes are possible: the system either converges to a disease-free state,
or endemic transmission is sustained. Which outcome occurs depends on the model parameters
[11].

When all equations equal zero, one steady state emerges with biological meaning the Disease-
Free Equilibrium (DFE):

Ey = (s*ix7r*x) = (1,0,0) (13)
At E, the infected compartment is empty. No births or immigration are included, so a state

where infection persists has no place in this model. The Jacobean matrix is then evaluated at
(1,0,0):

0 -p 0
J =10 B-y—-u O (14)
0 y 0

Because J* is upper triangular, eigenvalues are read directly from the diagonal [11]:

11=0, Azzﬁ—y—ﬂ, /13=0

Stability is controlled by A,. A negative value means the DFE holds. This condition is met
only when R, < 1. Substituting the parameters gives A, = 0.29. The DFE is therefore unstable.
Epidemic spread is confirmed by this result, and agreement with Figure 3 is observed.

3.3 Comparison with Existing Models

Three models are placed side by side in this section. The classical SIRD model and the
framework built by Giordano et al. in 2020 [9], serve as the reference points.
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e The classical SIRD model divides the population into four groups: S, I, R, and D. Death
from infection is tracked using a fixed rate u. No adjustment is made when hospitals
become overloaded. Indirect deaths those caused by delayed care or shortage of
resources are not captured anywhere in the model [5].

e Eight compartments were used by Giordano et al. in 2020, to build a richer picture of
COVID-19 spread [9]. Disease severity and the effect of diagnosis on transmission are
both addressed. However, no link is drawn between hospital capacity and death rates.
A large set of parameters is needed, many of which are hard to pin down from real data.

e The model presented here keeps the four-compartment layout of SIRD. One addition is
made to the death equation:

A(S(®) + 1(v))
(1 + aR(D))

b _ 1) +
aH

(15)

e Two death sources are separated by this term. Direct deaths come from infection itself.
Indirect deaths shrink as more people recover, since pressure on health services drops.
Neither the classical SIRD nor the Giordano model contains this mechanism.

3.4 Model Validation

The main contribution of this paper is the theoretical formulation of a new nonlinear
saturation mechanism for indirect mortality. The basic reproduction number (R,) of this
model is 3.64, which falls within the reported empirical range for COVID-19, which is (2.81-
3.82) [11], confirming that our choice of parameters is not random and is consistent with
published epidemiological data. The coefficients (4, a) that determine indirect mortality
represent a new mechanism for which there are currently no experimental estimates in
previous studies. Comparison with real data is a priority for future work.

4. Conclusions

In this study, an improved version of the SIRD model was developed with the aim of
characterizing mortality dynamics with a higher degree of accuracy. This development is based
on incorporating the impact of pressure on health infrastructure into the model structure. Unlike
traditional models that assume constant mortality rates, the proposed framework relies on a
nonlinear regulatory mechanism. We can utilize this mechanism to present the constraints on
medical resources, while underscoring the beneficial effect of individual recovery in
counteracting this strain. Numerical results showed that including health stress as a component
for mortality during the epidemic provides more accurate representations of its path. The model
becomes able to distinguish between direct deaths from the disease and indirect deaths from
exceeding the absorptive capacity of the health system. The simulation also indicates that a
higher percentage of recoveries contributes to the reduction in burden on public health and
other systems. In such cases, such reductions in secondary mortality and in other indicators of
disease contribute to the overall improvement of disease and the epidemiology indicators.
Overall, the developed model gives a richer analytical structure to analyze the dissemination
of infectious diseases in low-resource settings. For future studies examining dynamic stability,
identification of stable cases, and evaluation of the effects of different health intervention
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strategies on epidemics, this study should provide the foundation on which the following works
are intended to build.
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