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Abstract

It is essential to study the best approximation of a finite multiple target functions
in Lebesgue spaces L, for 0 < p < oo. Here we study the approximation of k target
functions, k > 2 and call it Best Simultaneous Approximation (BSA). Also, we
introduce some relations between that BSA and the best approximation of one target
function. Those definitions are supported by examples that describe the relations as
well.
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1. Introduction

The problem of best approximation of function gets great area of study through years, see
[1], [2], [3], [4]. In particular, [5] Diaz, J.B. et al, studied best approximation of two
continuous functions. In [4] Phillips, G.M. et al generalized the results for L, and L, normed
space. Simultaneous this approximation with the sum norm was taken into account by Ling
[6] and [7], [8]. Here , we generalize the BSA of two functions to k arbitrary functions in

L,,0 <p < oo. Let us introduce some main definitions beginning with the quasi-normed
space Ly[a, b],0 < p < oo, of all measure-functions with the quasi-norm [4]

Il = (17 FCopax) "

In the following definition, we give a description of the approximation of functions

simultaneously,
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Definition.1.1. s* € S © Ly[a, b], is said to be BSA 0 fi, f5, ..., fx € Lp[a, b] iff

inficgmax; ||ﬁ -5 ||p = max; ||ﬁ —s" >
2. Best Simultaneous Approximation (BSA)

Now, we present the main theorems that characterize the BSA in L.

Theorem 2.1. Let s4,s, is best approximation to {fi, f5, ..., fr}. Then % is BSA to
{fv far s fic}-
Proof.

Since s; and s, are best approximation to {fi, f2, ..., fx}, S0 by Definition1.1,

infegmax; || f; — s ||p = max; || f; — s ||p,

and
inf;cgmax; ||ﬁ -5 ||p = max; ||ﬁ -5, ||p .

Thus,
max; | f; —slzsz ||p < %maxl- | fi — s1 ||p +%maxi | fi — sz ||p

< %infsesmaxi ||ﬁ ) ||p + %infsesmaxi ||fl ) ||p

< inficgmax; ||fl ) || p
So, 222 is BSA of {fy, f2, -, fu}-
Remark.2.2. It is clear if 2% is best approximation to {f;}}; so, each s and s, are BSA to

i

Now let us prove the following shape preserving simultaneous approximation theorem,
call it even simultaneous approximation, which can be defined as, if {f;}*_, even function in
Ly,[a, b], then our simultaneous approximation is also even.
Theorem.2.3. Let {f;}*_, Ly,[a, b] are even function. Then there s* even BSA to {f; KL
Proof.
Since s* is BSA to the even family of the functions {f;}*_,. Then,

max; ||ﬁ —s"

b 1/p
= max ([ 10 - s wopas)

Assume s*(x) = s™(—x)

inf;cgmax; ||ﬁ —s"

b 1/p
, = Max; (f |fi(—x) — s"(—x)|pdx>

b 1/p
= max, ( f Ifi(=2) - sA(x)|pdx>

Since {f;}*_, are even function so,

b 1/p
If: = 57|, = max, < f Ifi(x) — SA(X)Ipdx>
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= infsegmax; || f; — s” ||p.
Corollary.2.4. If s* € Ly[a, b] is best approximation to each f; € Ly[a,b],i = 1,2, ..., k, then
s*isBSAto {fi}l<, € Lyla,bl,i = 1,2, ..., k.
Proof.
If s* is best approximationto f;,i = 1,2,...,k . (i.e)

||ﬁ-—s* » =infses||fi—s||p.

This implies

max; ||ﬁ -5 p = inf;cgmax; ||ﬁ - s||

P’

Theorem2.4. If s* is BSAto {f, 2} < Ly[a, b], then s* is best approximation to flzi
Proof.
Since s* € Ly[a, b] is BSA to {f}, f>}, then
max; {"fl = 5", | —s p} = infgegmax; {" fi— s||p, | —s ||p},
So
||f1 —s" p infes ||f1 - Sllp or ||f1 —s" p infes "fz - Sllp ,
and
If = s°Il, = infes || fo = sl or | i =71, = infues | £ s,
Now
M—s* = inf f1+f2—s||
2 . SES 2 .
f1+f2—s* _ f1+f2_<5_* S_*)
2 » 2 2 2/,
s s
2 2 2 2,
< la=sl, w2 1e =1,
= %infses | fi—s ”p + %infses £z — s »
< infeg hi erfz - s”p.
Examples.

1.In L,[—1,1],0 is the BSA to +x and +|x| from[]; = {ay:a, € R,x € [-1,1]}, as in
Figure(1).
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Best simultanuous Approximation to x,-x,|x| and -|x|
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Figure(1) 0 is BSA to +x and +|x| from [],
2.In L,[-1,1] ,1—sz +% is the BSA to |x| and x2 from [, = {ao + a;x + a,x?*:q; €
R,x € [-1,1],i = 0,1,2},, as in Figure(2).

Best Simultanuous Approximation to |x| and x2
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Figure(2) Exz + 13—6 is BSAto |x| and x? from [,

3. Moreover, in L,[—1,1] ,ixz + %x is the BSA to x, |x| and x? from [], , as in Figure(3).
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Best Simultanuous Approximation to x, |x| and x>
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Figure(3) %xz + %x is BSA to to x, |x| and x? from [,

3.Conclusions

Lebesgue integrable functions space is a great choice for studying best approximation,
for its importance in different fields. In this paper, we study L, BSA of k functions when

k = 2in L, spaces, 0 < p < oo. Moreover, we establish some relations among different

formulas of best approximation. So that one could get BSA from best approximation and
wise versa.
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