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Abstract

Let A(p) be the class of analytic and p-valent functions with negative coefficients
Also letT*(p,A,¢,6,a) and KI'*(p,1,¢,5, @) denote the subclasses of A(R)
consisting of p-valent analytic functions with negative coefficients in the open unit
disk . The object of the present paper is to prove distortion theorems of functions in
the classes T*(p,A,¢,6,a) and K[ (p, 1, ¢, 6, @),coefficient estimates , extreme
points, closure theorems, and inclusion properties. Also, we obtain radii of convexity,
starlikeness and close-to-convexity for functions belonging to those classes. By
specializing the parameters involved, the corresponding results for several interesting

subclasses of analytic functions can easily be deduced.

Keywords: Multivalent functions Differential operator, Fractional calculus and
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1. Introduction
Let A(p) denoted the class which contains the functions h(z) , where
h(z) =2zP = X% pj @nz" , a4, 20,p,jEN={12,..},
1)

which are regular and p-valent in the open unit disk U = {z: |z| < 1}. A function h(z) € A(p)
is said to be p-valently starlike of order « if it satisfies the inequality

zh'(z)
Re { h2)

}>a,(ZEU;OSa<p;pEN).

We denote by S*(p, a) the class of all p-valently starlike functions of order

Also , a function h(z) € A(p) is said to be p-valently convex of order « if it satisfies the
inequality

zh''(z)
h'(2)

Re{1+ }>a,(zEU;OSa<p;peN).

We denote by C(p, @) the class of all p-valently convex functions of order a.
The classes S*(p, @) and C(p, a) are studied by by Owa[9] .
For each h(z) € A(p), we have

p!

S (p—q)!

= n!
i Y e Ny = N0 B> g

n=p+j
In[1] , Aouf Define the following for each h(z) € A(p),
p!
Z
(r—q)!

= n! n—aq\" e .
- Z (n—Q)'(p—q) anz"™ % (p,j EN;q € No=NU{0}p>q)
; !

n=p+

P—q

Dy h? (2) =

We note that , when q=0 and p=1, the differential operator D{ = D" is introduced by Salagean
[11].

Now , we introduce the following definition
Definition 1 : A function h(z)eET(p, 4, ¢, 8, @) if and only if
5z (Dghq“(z)) + 1z? (D;hq”(z))
—(6-9¢)|<a
(1— 1) (Dphi(2)) + z(Dpha+i(2))

zZz€EE,qeNU{0}0< a<1l,¢ ER P <1L,p>qVy,651,0<1<1.
In addition a function h(z)e K['(p,1,¢ ,6,a) ifand zh'(z) e T(p,A,¢,6,a) .
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T(R) is the subclass of A(p) that contains functions of the form
h(z) = 28 = Xoopej anz™ an 2 0. )

The classes T*(p, 4, ¢, 6, a) and K*(p, 1, ¢, §, @) intersect with T(p).
bZh(z) is the g™ order differential operator for h(w) € A(p) defined in (1)

LI L I
®—9)! L (n=a)p—q/ " '

Many authors were studied analytic classes such as [2,3,4,5,6,7,8,10] and get many results for
various classes.

Theorem 1: Let h(z) beinT*(p,4,¢,d8, a) if and only if

Dphi(z) =

@ ~a, <1, 3)

n=p+l o)
where

&(n)

itk [ac(1=2A2+p—q@Q - 2R—-DP-q-D-0(-q@+(6—¢)A-21)]

(P—9q)!

oS (Y (- (- - D+ (i) - (5-$)A- D) + a(l =1 + n—))

R—q
Proof: Let h(z) €in T'*(p,4,¢,d, ). Thus

52(D5hq+1(2))+ Az>2 (D5hq+2 (Z))

(1- 1)(Dpha(@))+2(Dy e+ (2)) —(6—¢)|<a (4
Consider
5z (Dph?*'(2)) + 12* (Dph?**(2)) — (6
~p)[a - 1)(0r1@) + 2 (Dphe*' @) )]
__® _ o e _ B
—(p_q)![ﬂ(p DR—-q-D+d{@—q) —(5—¢)1— 1)]zF74
— i n! (n—CI>T[A(n—q)(n—q—1)+q_')(n—q)—(5_¢)(1_A)]a P
S (- ote =g n

Consider now

(1- 1) (Dghq (z)) +z (D;hq“(z))

p! _ c n! n—q\" _
= 1-1+p-— zpq—z ( )1—/1+n— anz™ 1
CEOE p-dl L (n=@)Rp—g [ alan

From (3)
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[A@-DP-q-D+dP—-@ —(6—¢)(1— A)]zF7—

(- q)'
S Pepr1 s (222) [ 4 (n=a)(n=q-1)+¢ (n-9)—(8-¢)(1- A)]a SR

1
(p— q)|[1 ﬂ.-l—p q]zp - Zn p+1(nnq)|(n q) [1 /1+n—q]anzn-q

Since |Re (2)| < |z| , we can choose values on the real axis. In (5) Allowing z — 1° through
real axis, it follows that

!
S AR - DR - -1 +¢(p-0 - (5-¢)1- )]+
i = .)'(n—q)r[/l(n—q)(n—q—1)+¢(n_q)_(5_¢)(1_A)]an
- DI\R—q
p! ) c nl o m—q\T
(p_Q)'[l_A-i_p_Q]Zpq_n=p+}(n CI)'(IQ CI) (1= 2+ n-glay|.
Therefore

Z - .q)'( )[)l(n—q)(n—q—l)+¢>(n—q)—(5—¢)(1—/1)

n=p+j

+a(l— 1+ n—-q)la,

<P la- 1 +p-0) - 2G- D -a- D=9 G-0
+H(6—¢)(A— 1]
Define
(E! |[a(l—/'l+1:>—q)—/1(p—q)(1:z—q—1)—<i>(1:>—q)]
£(n) = R—q)! +(6n—|¢)(1—/1)
(e an (22a) [A(n—q)(n—q:;()1+_¢l(r+z—nq_);)(6—¢)(1—A)]
We get

n=p+j

Now , Suppose that (3) is true. We have

|5z (Dghqﬂ(z)) + 1272 (Dghq+2(z)) —(5—¢)1— 1) (D;hq (z))
+7 (B;’“(Qp(r, p)h(z)))| —x |(1 - 2) (Dghq(z)) +7 (Dghq+1(z))|
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- n! n—q\"
= Z (n_q)!<p_q) [A(n—q)(n—q-D+dp(n—q)—(6—d)1— A1)+ a(l— 2 + n-
n=p+j

q)]an—(pﬁq)![a(l— A+p—@) - A@-@-q—-D-9P-q+(6-9¢)1A—- 2)]
<0.

By using maximum modulus principle and (3) , h(z) € T*(p, 4, ¢, 6, a).

Corollary 1: If h(z) e T*(p, 4,9, 6, a), then

a, < &(n)

Forn=p+1,p+2,..

Theorem 2 :Suppose that h(z) € KI'*(p,4,¢,6,a) ifandonly if X5_. .4 %an <P

Proof :Let h(z) € KI'"(p,1,¢, 8, @) therefore zf'(z) € KT (p, A, ¢ ,6,a)
Substitute h(z) = zh'(z)

(0]

h(z) = pzP — z na,z"

n=p+j
Thus
52(D5hq+1(z))+ )lzz(Dghq*'z(z))
(1- /‘l)(D{,hq(z))+z(D£hq+1(z)) - ( 6 — ¢ ) <« (6)
Consider

5z (D;hq“(z)) + 122 (D;hq+2(z)) — (s
—¢) [(1 —2) (D;hq @) +z (Dghqﬂ(z))]

_ PR'P B o e ~ )

—(p_q)i)[l(p DR-—qg-D+d(R—q) —(5—¢)(1— 1)]zF71
— nl'n (n—q>r[l(n—q)(n—q—1)+¢(n_q)_(5
S (k=q)!\p—q

—d)1— Dapz™1
Now, consider

(1- 1) (Dphi(2)) + z (Dph*'(2))

__R'P - o nin (n-q\" _
—(p_q)![l—l+p—q]zp q_2n=p+jm(ﬁ) [1-24+n—gqla,z™ 9.

From (6), we have
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|
AR D@ =D+ ¢ @)~ (5-¢)(A~ 1))z -
et Ty (=) [A (=) (=g =D+ (n=q) = (5= $)(1 = Dlanz"
| |
SR — 2+ p = 4127 = Do Tt () (1= 2 + n—glagz™e
<.

()

Given that |Re (z)| < |z| and that z—1~ passes through the real axis, we obtain

0 n— g\

+a(l— 21+ n—-q)lay,
P'P
-9t

Therefore we get X5_,,; %an <p.

[aQl=24+p- - 2AP-DP-q—-D-d(R-—q@)+(5§—¢)A - 1)]

Corollary 2: If h(z) € KI'*(p,A,¢,6,a),then a, < E(n) forn=p+1L,p+2.. .

Theorem 3: If h(z)eT*(p,4,¢,d,a), then
[P — E(p + Dz|**? < |h(2)] < Izlp + E(p + D)z|™*P.

Proof : h(z) € T"(p,4,¢,6,a) ifand only if X5_., E( @ n<1
|h(2)] < 12°] + |X5ops; anz™| < 2P + E(p + 1)|z|H*P. 8)
Similarly
(2] = 12°] = |£%ops; @nz™| = 2P — E(p + D]z, )

From (8) and (9), we have
2P — €+ Diz|™*? < [h(@)] < 2P + E@ + Dz,
Theorem 4: If h(z) e XKI'"(p,A,¢,6,a) , then
A+ (57)
pt1l

o)
P_
|Z| (p+1

Proof : Suppose that h(z) € T*(p,4, ¢, 6, ) ifand only if X5_ .1 ﬁan <p.

z|'"P < |h(2)] <

|1+p_

o

Ih(2)| < |2°| + Z a,z"

n=p+j

< |zIP + ( ) £ + 1|z, (10)
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Similarly

A2 = 12°] = |E5pej anz ™| = |217 = () €+ 1] 2. (11)

pt+1

From (10) and (11) we have

z|P — <L> Ep+1)

-] z|™P < |h(2)| <

Z|1+p_

z|? + (;ﬁ) Ep+1)

Theorem5: If h(z) e (p,1,¢,6,a), then
PIZP T+ (r+DER+DzIP < M@ < plzPH+ (p+ 1D E(R + Dz|P

Proof : Let h(z) € T*(p,4, ¢, 6, ). Therefore X5 _. ; ﬁan <1

(0]

h'(z) = pzP~1 — z na,z™?!

n=p+1

(0]

I (2] < |pzP~Y| + 2 na,z"1

n=p+j

IR (2] < plz|P + (p + DER + 1D)]z|P. (12)
Similarly

|W' (2| = plz[~ — (p + DE(R + Dz|P. (13)

From (12) and (13) , we have
PIzPt+ (R+ D E@+ DIzIP < @I < plzPt + (p+ D EG + Dz|™
Theorem 6 : If h(z) € KI'""(p, 4, ¢, 6, a), then

e — () B+ D)2 < @I < p el +

; ) |
- (YJ‘ 1 R
] (p+1)|z|
Proof : h(z) € KI"(p, 4,6, 6, a). Therefore ¥%_..; %an < p.

o

h'(z) = pzP~1 — Z na,z" !

n=p+j

o

|h' (2)| < |pzP~ Y + Z na,z"t

n=p+j

W @] < Pl + () £ + Dzl (13)

Similarly

W@ = p |2 = () &G+ D) 217 (14)
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From (13) and (14) , we have

- R )
p-1 _ 1
plar — () 2 + )

z|P < WD <p

1)
p-1 1 R
z| +<p+1 E(p+ 1)z

Theorem 7: If h(z) eT*(p,A,¢,8,a) then h(z) € K (&) in |z| < R, , where

1
o (p— &)™ i»
Rl B fn21+p {ng(n)} .

p|<p ¢ for |z| < R;.

We have
h’ Z (00} oo
ZP(‘l) - p‘ = |- Z na,z" Pt < Z nlan,||z| Pt
n=p+j n=p+j
Thus
oo 1
Zn=p+] (p— g)lanllzln Pr <1 (15)
By Theorem 1
rept) T 1anl < (16)
1 1 n—p+1 < 1
Hence (15) will be true if r—s) |z| S
1
: (=) I n+1-p
We obtain |z| <{ E(n)} :
Theorem 8 : If h(z) eT*(p,A,¢,5,a) then h(z) € $*(¢) in|z| < R, , where
inf
1
R, = (p - 5) LT
? n—2¢/ &(n)
n=1+p
zh!(2)
Proof : We need to show that | - p| <p-—-¢
We have
zh'(z) _ Zor?=p+j(71_19)|‘1n||2|n_p _
h(2) | = 1=X%op4j lanllz| ™ P =p-4 (17

Hence (17) holds true if

) (n=9)
Sonepti ooy lanllzl "R < 1, (18)
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By Theorem 1

I 1
Zn=p+j Tn)lanl <L (19)

by (18) and (19) will be true if

(n—=8)  ._
w-0 """ =3
e p—¢) 1
g ps(n—f) &(n)
THEOREM 9: If h(z) ET*(p,A,¢,8,a) , then h(z) € C(§) in |z| < Rs, Where
inf
)
R. = (p(p—f)) 1
3 n(n—2¢§)/ &(n)
nz1+p }

Proof : We know that h(z) is convex if and only if h'(w) is starlike. We must show that

zh'(2)
h(z)

- p‘ Sp-—%
where h(z) = zh'(2)

zh'(2)

_ _ _Zorizp+1 n(n—p)anzn
nz) T

— Y™ n
pzp Zn=p+1 nanz

< Z?=p+j n(n - p)lanllzln_p

P— Yoo nlanllz] ™

<p-¢

Therefore , we have

o n(n-§) _
n=p+j p(p—f) Ian”Zln R S 1. (20)

By Theorem 1

o 1
n=p+j %Ianl <1l (21)

. .. n(n=% n-p < 1
From (20) and (21) , will be true if ) |z| =

1
— 1 Yn-»p
|Z|S{<p(p f)) } |
n(n—¢§)/ &(n)
Theorem 10: Let h;(z) = zPand h,,(z) = zP — &(n)z™ for n > 1+ p. Then h(z) €
I"(p,4,¢,6,a) ifandonly if h(z) = A,1h(2) + X5-p+; 4 nhn(2), where 1, > 0 and

/11+22=p+j An,=1
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2. Conclusion

The class of analytic and p-valent functions with negative coefficients in the open unit disk
is introduced. Also, the important geometric properties are presented like distortion theorems,
extreme points, closure theorems, and inclusion properties. Also, we obtain radii of convexity,
starlikeness and close-to-convexity for functions belonging to class.
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