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Abstract  

    Let Ą(ҏ) be the class of analytic and p-valent functions with negative coefficients 

.Also let Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼) and ₭Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼) denote the subclasses of Ą(ҏ) 

consisting of p-valent analytic functions with negative coefficients in the open unit 

disk . The object of the present paper is to prove   distortion theorems of functions in 

the classes Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼) and ₭Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼),coefficient estimates , extreme 

points, closure theorems, and inclusion properties. Also, we obtain radii of convexity, 

starlikeness and close-to-convexity for functions belonging to those classes. By 

specializing the parameters involved, the corresponding results for several interesting 

subclasses of analytic functions can easily be deduced. 

Keywords: Multivalent functions Differential operator, Fractional calculus and 

Negative Coefficients. 

 

المؤثرات التفاضلية  المتضمنة متعددة التكافؤ ال الدوال التحليلية اصنافحول 
ذات المعاملات السالبة المعممة  

 زينب هادي محمود1*, ريم عمران رشيد2, قاسم عبدالحميد جاسم3

 1قسم الرياضيات, كلية العلوم, جامعة بغداد, بغداد, العراق 
 2 قسم الرياضيات, كلية تربية طوزخورماتو, جامعة تكريت,  تكريت, العراق 

 3 قسم الرياضيات, كلية العلوم, جامعة بغداد, بغداد, العراق 
 

  الخلاصة 

منهو     Ą(ҏ)  نفرض       التحليلية    صنف  التكافؤ    الدوال  المعاملات  متعددة   نفرض     .  السالبة  ذات  كذلك 

Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼) و ₭Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼)   إلى لـ    الاصنافتشير  من     Ą(ҏ)الفرعية  تتكون    دوال التي 

مع المعاملات السالبة في قرص الوحدة المفتوحة . الهدف من هذا البحث هو إثبات نظريات  متعددة التكافؤ    تحليلية  

,Γ∗(ҏ  للاصنافالتشويه للدوال   𝜆 , 𝜙 , 𝛿, 𝛼) و ₭Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼),     ،معامل التقديرات، النقاط القصوى

نظريات الإغلاق، وخصائص التضمين. كما حصلنا على نصف قطر التحدب والشبه النجمي والقريب من التحدب  

المعنية، يمكن بسهولة استخلاص النتائج    المعاملات. من خلال تخصيص  الاصنافالتي تنتمي إلى تلك    للدوال

 التحليلية.   الدوالللاهتمام من الفرعية المثيرة  بالاصناف المتعلقة 

mailto:kassim.jassim@sc.uobaghdad.edu.iq
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1. Introduction     

Let Ą(ҏ) denoted the class which contains the  functions ℎ(𝑧) , where 

ℎ(𝑧) = 𝑧ҏ − ∑  ∞
 𝑛=ҏ+𝑗 𝑎𝑛𝑧

𝑛   ,    𝑎𝑛 ≥ 0 , 𝑝, 𝑗 ∈ 𝑁 = {1,2, … } ,                                                

(1) 

which  are regular and p-valent in  the open unit disk 𝑈 = {𝑧: |𝑧| < 1}. A function ℎ(𝑧) ∈ Ą(ҏ) 
is said to be p-valently starlike of order 𝛼 if it satisfies the inequality  

𝑅𝑒 {
𝑧ℎ′(𝑧)

ℎ(𝑧)
} > 𝛼 , ( 𝑧 ∈ 𝑈; 0 ≤ 𝛼 < 𝑝; 𝑝 ∈ 𝑁). 

We denote by 𝑆∗(𝑝, 𝛼) the class of all p-valently starlike functions of order 𝛼 

 

Also , a function ℎ(𝑧) ∈ Ą(ҏ) is said to be p-valently convex of order 𝛼 if it satisfies the 

inequality  

𝑅𝑒 {1 +
𝑧ℎ′′(𝑧)

ℎ′(𝑧)
} > 𝛼 , ( 𝑧 ∈ 𝑈; 0 ≤ 𝛼 < 𝑝; 𝑝 ∈ 𝑁). 

We denote by 𝐶(𝑝, 𝛼) the class of all p-valently convex functions of order 𝛼. 

The classes 𝑆∗(𝑝, 𝛼) and 𝐶(𝑝, 𝛼) are studied by by Owa [ 9 ]   . 

For each ℎ(𝑧) ∈ Ą(ҏ), we have 

ℎ𝑞(𝑧) =
ҏ!

(ҏ − 𝑞)!
𝑧ҏ−𝑞 − ∑  

∞

 𝑛=ҏ+𝑗

 𝑛!

( 𝑛 − 𝑞)!
𝑎 𝑛𝑧

 𝑛−𝑞 , (𝑞 ∈ 𝑁0 = 𝑁 ∪ {0};  ҏ > 𝑞) 

In [ 1 ]  , Aouf Define the following for each ℎ(𝑧) ∈ Ą(ҏ), 

𝐷𝑝
𝑟ℎ𝑞(𝑧) =

ҏ!

(ҏ − 𝑞)!
𝑧ҏ−𝑞

− ∑  

∞

 𝑛=ҏ+𝑗

 𝑛!

( 𝑛 − 𝑞)!
(
 𝑛 − 𝑞

ҏ − 𝑞
)
𝑟

𝑎 𝑛𝑧
 𝑛−𝑞 , (𝑝, 𝑗 ∈ 𝑁; 𝑞 ∈ 𝑁0 = 𝑁 ∪ {0}; ҏ > 𝑞). 

We note that , when q=0 and p=1 , the differential operator 𝐷1
𝑟 = 𝐷𝑟 is introduced  by Salagean 

[11]. 

Now , we introduce the following definition  

Definition 1 : A function ℎ(𝑧)∈ Γ(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼) if and only if  

|
 𝛿𝑧 (𝐷𝑝

𝑟ℎ𝑞+1(𝑧)) +  𝜆 𝑧2 (𝐷𝑝
𝑟ℎ𝑞+2(𝑧))

(1 −  𝜆 ) (𝐷𝑝𝑟ℎ𝑞(𝑧)) + 𝑧 (𝐷𝑝𝑟ℎ𝑞+1(𝑧))
− ( 𝛿 − 𝜙 )| <  𝛼 

𝑧 ∈ 𝐸, 𝑞 ∈ ℕ𝑈{0},0 <  𝛼 ≤ 1, 𝜙 ∈ ℝ, 𝜙 < 1, ҏ > 𝑞, 𝛾, 𝛿 ≤ 1 , 0 ≤ 𝜆 ≤ 1. 

In addition a function ℎ(𝑧)∈ ₭Γ(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼) if and  𝑧ℎ′(𝑧) ∈ Γ(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼) .  
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T(ҏ)  is the subclass of Ą(ҏ) that contains functions of the form   

ℎ(𝑧) = 𝑧ҏ − ∑  ∞
 𝑛=ҏ+𝑗 𝑎 𝑛𝑧

 𝑛, 𝑎 𝑛 ≥ 0.                                (2) 

The classes Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼) and ₭Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼) intersect with T(p). 

Ð𝑧
𝑞ℎ(𝑧) is the 𝑞th order differential operator for h(w) ∈ Ą(ᵽ)  defined in (1) 

𝐷𝑝
𝑟ℎ𝑞(𝑧) =

ҏ!

(ҏ − 𝑞)!
𝑧ҏ−𝑞 − ∑  

∞

 𝑛=ҏ+𝑗

 𝑛!

( 𝑛 − 𝑞)!
(
 𝑛 − 𝑞

ҏ − 𝑞
)
𝑟

𝑎 𝑛𝑧
 𝑛−𝑞 ,   ҏ > 𝑞. 

Many authors were studied analytic classes such as [2,3,4,5,6,7,8,10] and get many results for 

various classes. 

Theorem 1 :  Let ℎ(𝑧) be in Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼) if and only if   

∑  ∞
 𝑛=ҏ+1

1

 Ƹ( 𝑛)
𝑎 𝑛 ≤ 1,                                                             (3) 

where 

 Ƹ( 𝑛)

=

ҏ!
(ҏ − 𝑞)!

[ 𝛼(1 − 𝜆 + ҏ − 𝑞) − 𝜆 (ҏ − 𝑞)(ҏ − 𝑞 − 1) − 𝜙 (ҏ − 𝑞) + ( 𝛿 − 𝜙 )(1 − 𝜆 )]

 𝑛!
( 𝑛 − 𝑞)!

(
 𝑛 − 𝑞
ҏ − 𝑞)

𝑟

[ 𝜆 ( 𝑛 − 𝑞)( 𝑛 − 𝑞 − 1) + 𝜙 ( 𝑛 − 𝑞) − ( 𝛿 − 𝜙 )(1 − 𝜆 ) +  𝛼(1 − 𝜆 +  𝑛 − 𝑞)]
 

Proof: Let ℎ(𝑧) ∈ in   Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼). Thus 

|
 𝛿𝑧(𝐷𝑝

𝑟ℎ𝑞+1(𝑧))+ 𝜆 𝑧2(𝐷𝑝
𝑟ℎ𝑞+2(𝑧))

(1− 𝜆 )(𝐷𝑝
𝑟ℎ𝑞(𝑧))+𝑧(𝐷𝑝

𝑟ℎ𝑞+1(𝑧))
− ( 𝛿 − 𝜙 )| <  𝛼.      (4) 

Consider 

 𝛿𝑧 (𝐷𝑝
𝑟ℎ𝑞+1(𝑧)) +  𝜆 𝑧2 (𝐷𝑝

𝑟ℎ𝑞+2(𝑧)) − ( 𝛿

−𝜙 ) [(1 −  𝜆 ) (𝐷𝑝
𝑟ℎ𝑞(𝑧)) + 𝑧 (𝐷𝑝

𝑟ℎ𝑞+1(𝑧))]
 

=
ҏ!

(ҏ − 𝑞)!
[ 𝜆 (ҏ − 𝑞)(ҏ − 𝑞 − 1) + 𝜙 (ҏ − 𝑞) − ( 𝛿 − 𝜙 )(1 −  𝜆 )]𝑧ҏ−𝑞

− ∑  

∞

 𝑛=ҏ+𝑗

 𝑛!

( 𝑛 − 𝑞)!
(
 𝑛 − 𝑞

ҏ − 𝑞
)
𝑟

[ 𝜆 ( 𝑛 − 𝑞)( 𝑛 − 𝑞 − 1) + 𝜙 ( 𝑛 − 𝑞) − ( 𝛿 − 𝜙 )(1 −  𝜆 )]𝑎 𝑛𝑧
 𝑛−𝑞

 

Consider now 

(1 −  𝜆 ) (𝐷𝑝
𝑟ℎ𝑞(𝑧)) + 𝑧 (𝐷𝑝

𝑟ℎ𝑞+1(𝑧))

=
ҏ!

(ҏ − 𝑞)!
[1 −  𝜆 + ҏ − 𝑞]𝑧ҏ−𝑞 − ∑  

∞

 𝑛=ҏ+1

 𝑛!

( 𝑛 − 𝑞)!
(
 𝑛 − 𝑞

ҏ − 𝑞
)
𝑟

[1 −  𝜆 +  𝑛 − 𝑞]𝑎 𝑛𝑧
 𝑛−𝑞

 

From (3) 



 

Sumer Journal for Pure Science (ISSN: 2790-7031) 

2nd International Scientific Conference on Pure and Medical Sciences/University of Sumer 2024 
 

235 
 

||

ҏ!

(ҏ−𝑞)!
[ 𝜆 (ҏ − 𝑞)(ҏ − 𝑞 − 1) + 𝜙 (ҏ − 𝑞) − ( 𝛿 − 𝜙 )(1 −  𝜆 )]𝑧ҏ−𝑞 −

∑  ∞
 𝑛=ҏ+1

 𝑛!

( 𝑛−𝑞)!
(
 𝑛−𝑞

ҏ−𝑞
)
𝑟
[ 𝜆 ( 𝑛−𝑞)( 𝑛−𝑞−1)+𝜙 ( 𝑛−𝑞)−( 𝛿−𝜙 )(1− 𝜆 )]𝑎 𝑛𝑧

 𝑛−𝑞

ҏ!

(ҏ−𝑞)!
[1− 𝜆 +ҏ−𝑞]𝑧ҏ−𝑞−∑  ∞

 𝑛=ҏ+1
 𝑛!

( 𝑛−𝑞)!
(
 𝑛−𝑞

ҏ−𝑞
)
𝑟
[1− 𝜆 + 𝑛−𝑞]𝑎 𝑛𝑧  𝑛−𝑞

|| ≤∝.       (5) 

Since |Re (𝑧)| ≤ |𝑧| , we can choose values on the real axis. In (5) Allowing z → 1- through 

real axis, it follows that 

ҏ!

(ҏ − 𝑞)!
[ 𝜆 (ҏ − 𝑞)(ҏ − 𝑞 − 1) + 𝜙 (ҏ − 𝑞) − ( 𝛿 − 𝜙 )(1 −  𝜆 )] +

∑  

∞

 𝑛=ҏ+𝑗

 𝑛!

( 𝑛 − 𝑞)!
(
 𝑛 − 𝑞

ҏ − 𝑞
)
𝑟

[ 𝜆 ( 𝑛 − 𝑞)( 𝑛 − 𝑞 − 1) + 𝜙 ( 𝑛 − 𝑞) − ( 𝛿 − 𝜙 )(1 −  𝜆 )]𝑎 𝑛

≤  𝛼 [
ҏ!

(ҏ − 𝑞)!
[1 −  𝜆 + ҏ − 𝑞]𝑧ҏ−𝑞 − ∑  

∞

 𝑛=ҏ+𝑗

 𝑛!

( 𝑛 − 𝑞)!
(
 𝑛 − 𝑞

ҏ − 𝑞
)
𝑟

[1 −  𝜆 +  𝑛 − 𝑞]𝑎 𝑛] .

 

Therefore 

∑  

∞

 𝑛=ҏ+𝑗

 𝑛!

( 𝑛 − 𝑞)!
(
 𝑛 − 𝑞

ҏ − 𝑞
)
𝑟

[ 𝜆 ( 𝑛 − 𝑞)( 𝑛 − 𝑞 − 1) + 𝜙 ( 𝑛 − 𝑞) − ( 𝛿 − 𝜙 )(1 −  𝜆 )

+ 𝛼(1 −  𝜆 +  𝑛 − 𝑞)]𝑎 𝑛

 

≤
ҏ!

(ҏ − 𝑞)!
[ 𝛼(1 −  𝜆 + ҏ − 𝑞) −  𝜆 (ҏ − 𝑞)(ҏ − 𝑞 − 1) − 𝜙 (ҏ − 𝑞) 

+( 𝛿 − 𝜙 )(1 −  𝜆 )]. 

Define 

 Ƹ( 𝑛) =

ҏ!
(ҏ − 𝑞)!

[
 𝛼(1 −  𝜆 + ҏ − 𝑞) −  𝜆 (ҏ − 𝑞)(ҏ − 𝑞 − 1) − 𝜙 (ҏ − 𝑞)

+( 𝛿 − 𝜙 )(1 −  𝜆 )
]

 𝑛!

( 𝑛 − 𝑞)! (
 𝑛 − 𝑞
ҏ − 𝑞)

𝑟

[
 𝜆 ( 𝑛 − 𝑞)( 𝑛 − 𝑞 − 1) + 𝜙 ( 𝑛 − 𝑞) − ( 𝛿 − 𝜙 )(1 −  𝜆 )

+ 𝛼(1 −  𝜆 +  𝑛 − 𝑞)
]

 

We get 

∑  

∞

 𝑛=ҏ+𝑗

1

 Ƹ( 𝑛)
𝑎 𝑛 ≤ 1. 

Now ,  Suppose that  (3) is true. We have 

|𝛿𝑧 (𝐷𝑝
𝑟ℎ𝑞+1(𝑧)) +  𝜆 𝑧2 (𝐷𝑝

𝑟ℎ𝑞+2(𝑧)) − ( 𝛿 − 𝜙 )(1 −  𝜆 ) (𝐷𝑝
𝑟ℎ𝑞(𝑧))

+ 𝑧 (Ð𝑧
𝑞+1(ῼҏ(𝑟, ҏ)ℎ(𝑧)))|−∝ |(1 −  𝜆 ) (𝐷𝑝

𝑟ℎ𝑞(𝑧)) + 𝑧 (𝐷𝑝
𝑟ℎ𝑞+1(𝑧))| 
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= ∑  

∞

 𝑛=ҏ+𝑗

 𝑛!

( 𝑛 − 𝑞)!
(
 𝑛 − 𝑞

ҏ − 𝑞
)
𝑟

[ 𝜆 ( 𝑛 − 𝑞)( 𝑛 − 𝑞 − 1) + 𝜙 ( 𝑛 − 𝑞) − ( 𝛿 − 𝜙 )(1 −  𝜆 ) +  𝛼(1 −  𝜆 +  𝑛 −

𝑞)]𝑎 𝑛 −
ҏ!

(ҏ − 𝑞)!
[ 𝛼(1 −  𝜆 + ҏ − 𝑞) −  𝜆 (ҏ − 𝑞)(ҏ − 𝑞 − 1) − 𝜙 (ҏ − 𝑞) + ( 𝛿 − 𝜙 )(1 −  𝜆 )]

≤ 0.

 

By using maximum modulus principle and (3) , ℎ(𝑧) ∈ Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼). 

Corollary 1:  If ℎ(𝑧) ∈ Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼), then 

𝑎 𝑛 ≤  Ƹ( 𝑛) 

For  𝑛 = ҏ + 1, ҏ + 2,…. 

Theorem 2 :Suppose that ℎ(𝑧) ∈ ₭Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼)  if and only if   ∑  ∞
 𝑛=ҏ+1

 𝑛

 Ƹ( 𝑛)
𝑎 𝑛 ≤ ҏ 

Proof  :Let  ℎ(𝑧) ∈ ₭Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼)  therefore 𝑧𝑓′(𝑧) ∈ ₭Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼)  

Substitute  ℎ(𝑧) = 𝑧ℎ′(𝑧) 

ℎ(𝑧) = ҏ𝑧ҏ − ∑  

∞

 𝑛=ҏ+𝑗

 𝑛𝑎 𝑛𝑧
 𝑛 

Thus 

|
 𝛿𝑧(𝐷𝑝

𝑟ℎ𝑞+1(𝑧))+ 𝜆 𝑧2(𝐷𝑝
𝑟ℎ𝑞+2(𝑧))

(1− 𝜆 )(𝐷𝑝
𝑟ℎ𝑞(𝑧))+𝑧(𝐷𝑝

𝑟ℎ𝑞+1(𝑧))
− ( 𝛿 − 𝜙 )| <  𝛼       (6) 

Consider 

 𝛿𝑧 (𝐷𝑝
𝑟ℎ𝑞+1(𝑧)) +  𝜆 𝑧2 (𝐷𝑝

𝑟ℎ𝑞+2(𝑧)) − ( 𝛿

−𝜙 ) [(1 −  𝜆 ) (𝐷𝑝
𝑟ℎ𝑞(𝑧)) + 𝑧 (𝐷𝑝

𝑟ℎ𝑞+1(𝑧))]
 

=
ҏ! ҏ

(ҏ − 𝑞)!
[ 𝜆 (ҏ − 𝑞)(ҏ − 𝑞 − 1) + 𝜙 (ҏ − 𝑞) − ( 𝛿 − 𝜙 )(1 −  𝜆 )]𝑧ҏ−𝑞

− ∑  

∞

 𝑛=ҏ+𝑗

 𝑛!  𝑛

(𝑘 − 𝑞)!
(
 𝑛 − 𝑞

ҏ − 𝑞
)
𝑟

[ 𝜆 ( 𝑛 − 𝑞)( 𝑛 − 𝑞 − 1) + 𝜙 ( 𝑛 − 𝑞) − ( 𝛿

− 𝜙 )(1 −  𝜆 )]𝑎 𝑛𝑧
 𝑛−𝑞 

Now, consider  

(1 −  𝜆 ) (𝐷𝑝
𝑟ℎ𝑞(𝑧)) + 𝑧 (𝐷𝑝

𝑟ℎ𝑞+1(𝑧)) 

=
ҏ!ҏ

(ҏ−𝑞)!
[ 1 − 𝜆 + ҏ − 𝑞 ]𝑧ҏ−𝑞 − ∑  ∞

 𝑛=ҏ+𝑗
 𝑛! 𝑛

(𝑘−𝑞)!
(
 𝑛−𝑞

ҏ−𝑞
)
𝑟
[ 1 − 𝜆 + 𝑛 − 𝑞]𝑎 𝑛𝑧

 𝑛−𝑞 . 

From (6), we have 
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|

|

ҏ! ҏ

(ҏ − 𝑞)!
[ 𝜆 (ҏ − 𝑞)(ҏ − 𝑞 − 1) + 𝜙 (ҏ − 𝑞) − ( 𝛿 − 𝜙 )(1 −  𝜆 )]𝑧ҏ−𝑞 −

∑  ∞
 𝑛=ҏ+𝑗

 𝑛!  𝑛
(𝑘 − 𝑞)!

(
 𝑛 − 𝑞
ҏ − 𝑞)

𝑟

[ 𝜆 ( 𝑛 − 𝑞)( 𝑛 − 𝑞 − 1) + 𝜙 ( 𝑛 − 𝑞) − ( 𝛿 − 𝜙 )(1 −  𝜆 )]𝑎 𝑛𝑧
 𝑛−𝑞

ҏ! ҏ
(ҏ − 𝑞)!

[1 −  𝜆 + ҏ − 𝑞]𝑧ҏ−𝑞 − ∑  ∞
 𝑛=ҏ+𝑗

 𝑛!  𝑛
( 𝑛 − 𝑞)!

(
 𝑛 − 𝑞
ҏ − 𝑞)

𝑟

[1 −  𝜆 +  𝑛 − 𝑞]𝑎 𝑛𝑧  𝑛−𝑞
|

|

≤∝. 

                                                                                                                                        (7) 

Given that |Re (𝑧)| ≤ |𝑧| and that z→1− passes through the real axis, we obtain  

∑  

∞

 𝑛=ҏ+𝑗

 𝑛!  𝑛

( 𝑛 − 𝑞)!
(
 𝑛 − 𝑞

ҏ − 𝑞
)
𝑟

[ 𝜆 ( 𝑛 − 𝑞)( 𝑛 − 𝑞 − 1) + 𝜙 ( 𝑛 − 𝑞) − ( 𝛿 − 𝜙 )(1 −  𝜆 )

+ 𝛼(1 −  𝜆 +  𝑛 − 𝑞)]𝑎 𝑛

 

≤
ҏ! ҏ

(ҏ − 𝑞)!
[ 𝛼(1 −  𝜆 + ҏ − 𝑞) −  𝜆 (ҏ − 𝑞)(ҏ − 𝑞 − 1) − 𝜙 (ҏ − 𝑞) + ( 𝛿 − 𝜙 )(1 −  𝜆 )] 

Therefore ,we get   ∑  ∞
 𝑛=ҏ+𝑗

 𝑛

 Ƹ( 𝑛)
𝑎 𝑛 ≤ ҏ. 

Corollary 2: If  ℎ(𝑧) ∈ ₭Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼), then   𝑎 𝑛 ≤
 ҏ

𝑛 
Ƹ( 𝑛) , for  𝑛 = ҏ + 1, ҏ + 2,….   . 

Theorem  3:  If  ℎ(𝑧)∈ Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼), then 

|𝑧|ҏ −  Ƹ(ҏ + 1)|𝑧|1+ҏ ≤ |ℎ(𝑧)| ≤ |𝑧|ҏ +  Ƹ(ҏ + 1)|𝑧|1+ҏ. 

Proof : ℎ(𝑧) ∈ Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼) if and only if  ∑  ∞
 𝑛=ҏ+𝑗

1

 Ƹ( 𝑛)
𝑎 𝑛 ≤ 1 

|ℎ(𝑧)| ≤ |𝑧ҏ| + |∑  ∞
 𝑛=ҏ+𝑗 𝑎 𝑛𝑧

 𝑛| ≤ |𝑧|ҏ +  Ƹ(ҏ + 1)|𝑧|1+ҏ.                    (8) 

Similarly  

|ℎ(𝑧)| ≥ |𝑧ҏ| − |∑  ∞
 𝑛=ҏ+𝑗 𝑎 𝑛𝑧

 𝑛| ≥ |𝑧|ҏ −  Ƹ(ҏ + 1)|𝑧|1+ҏ.                        (9) 

From (8) and  (9), we have   

|𝑧|ҏ −  Ƹ(ҏ + 1)|𝑧|1+ҏ ≤ |ℎ(𝑧)| ≤ |𝑧|ҏ +  Ƹ(ҏ + 1)|𝑧|1+ҏ. 

Theorem 4:  If  ℎ(𝑧) ∈ ₭Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼) , then 

|𝑧|ҏ − (
ҏ

ҏ + 1
)  Ƹ(ҏ + 1)| 𝑧|1+ҏ ≤ |ℎ(𝑧)| ≤ |𝑧|ҏ + (

ҏ

ҏ + 1
)  Ƹ(ҏ + 1)| 𝑧|1+ҏ. 

Proof : Suppose that ℎ(𝑧) ∈ Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼) if and only if  ∑  ∞
 𝑛=ҏ+1

 𝑛

 Ƹ( 𝑛)
𝑎 𝑛 ≤ ҏ. 

|ℎ(𝑧)| ≤ |𝑧ҏ| + | ∑  

∞

 𝑛=ҏ+𝑗

𝑎 𝑛𝑧
 𝑛| 

                                                   ≤ |𝑧|ҏ + (
ҏ

ҏ+1
)  Ƹ(ҏ + 1)| 𝑧|1+ҏ.                (10) 
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Similarly 

|ℎ(𝑧)| ≥ |𝑧ҏ| − |∑  ∞
 𝑛=ҏ+𝑗 𝑎 𝑛𝑧

 𝑛| ≥ |𝑧|ҏ − (
ҏ

ҏ+1
)  Ƹ(ҏ + 1)| 𝑧|1+ҏ.                 (11) 

From (10) and (11) we have 

|𝑧|ҏ − (
ҏ

ҏ + 1
)  Ƹ(ҏ + 1)| 𝑧|1+ҏ ≤ |ℎ(𝑧)| ≤ |𝑧|ҏ + (

ҏ

ҏ + 1
)  Ƹ(ҏ + 1)| 𝑧|1+ҏ. 

Theorem 5 :   If  ℎ(𝑧) ∈ Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼), then 

ҏ|𝑧|ҏ−1 + (ҏ + 1) Ƹ(ҏ + 1)|𝑧|ҏ ≤ |h′(𝑧)| ≤ ҏ|𝑧|ҏ−1 + (ҏ + 1) Ƹ(ҏ + 1)|𝑧|ҏ 

Proof : Let ℎ(𝑧) ∈ Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼). Therefore  ∑  ∞
 𝑛=ҏ+𝑗

1

 Ƹ( 𝑛)
𝑎 𝑛 ≤ 1. 

ℎ′(𝑧) = ҏ𝑧ҏ−1 − ∑  

∞

 𝑛=ҏ+1

 𝑛𝑎 𝑛𝑧
 𝑛−1 

|ℎ′(𝑧)| ≤ |ҏ𝑧ҏ−1| + | ∑  

∞

 𝑛=ҏ+𝑗

 𝑛𝑎 𝑛𝑧
 𝑛−1| 

|ℎ′(𝑧)| ≤ ҏ|𝑧|ҏ−1 + (ҏ + 1)Ƹ(ҏ + 1)|𝑧|ҏ.                                (12) 

Similarly  

|ℎ′(𝑧)| ≥ ҏ|𝑧|ҏ−1 − (ҏ + 1)Ƹ(ҏ + 1)|𝑧|ҏ.                               (13) 

From (12) and (13) , we have  

ҏ|𝑧|ҏ−1 + (ҏ + 1) Ƹ(ҏ + 1)|𝑧|ҏ ≤ |ℎ′(𝑧)| ≤ ҏ|𝑧|ҏ−1 + (ҏ + 1) Ƹ(ҏ + 1)|𝑧|ҏ. 

Theorem 6 : If  ℎ(𝑧) ∈ ₭Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼), then 

ҏ |𝑧|ҏ−1 − (
ҏ

ҏ + 1
)  Ƹ(ҏ + 1)| 𝑧|ҏ ≤ |h′(𝑧)| ≤ ҏ |𝑧|ҏ−1 + (

ҏ

ҏ + 1
)  Ƹ(ҏ + 1)| 𝑧|ҏ 

Proof : ԧ(𝑧) ∈ ₭Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼). Therefore   ∑  ∞
 𝑛=ҏ+𝑗

 𝑛

 Ƹ( 𝑛)
𝑎 𝑛 ≤ ҏ. 

ℎ′(𝑧) = ҏ𝑧ҏ−1 − ∑  

∞

 𝑛=ҏ+𝑗

 𝑛𝑎 𝑛𝑧
 𝑛−1 

|ℎ′(𝑧)| ≤ |ҏ𝑧ҏ−1| + | ∑  

∞

 𝑛=ҏ+𝑗

 𝑛𝑎 𝑛𝑧
 𝑛−1| 

|ℎ′(𝑧)| ≤ ҏ|𝑧|ҏ−1 + (
ҏ

ҏ+1
)  Ƹ(ҏ + 1)|𝑧|ҏ.                           (13) 

Similarly 

|ℎ′(𝑧)| ≥ ҏ |𝑧|ҏ−1 − (
ҏ

ҏ+1
)  Ƹ(ҏ + 1)| 𝑧|ҏ.                           (14) 
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From (13) and (14) , we have  

ҏ |𝑧|ҏ−1 − (
ҏ

ҏ + 1
)  Ƹ(ҏ + 1)| 𝑧|ҏ ≤ |ℎ′(𝑧)| ≤ ҏ |𝑧|ҏ−1 + (

ҏ

ҏ + 1
)  Ƹ(ҏ + 1)| 𝑧|ҏ 

Theorem 7: If  ℎ(𝑧) ∈ Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼) then   ℎ(𝑧) ∈ 𝒦(𝜉) in |𝑧| < 𝑅1 , where 

𝑅1 = ∫  
inf 

 𝑛≥1+ҏ

{{
(ҏ − 𝜉)

 𝑛 Ƹ( 𝑛)
}

1
 𝑛+1−ҏ

}. 

Proof: It is sufficient to show that  |
ℎ′(𝑧)

𝑧ҏ−1
− ҏ| ≤ ҏ − 𝜉 for |𝑧| < 𝑅1. 

We have  

|
ℎ′(𝑧)

𝑧ҏ−1
− ҏ| = |− ∑  

∞

 𝑛=ҏ+𝑗

 𝑛𝑎 𝑛𝑧
 𝑛−ҏ+1| ≤ ∑  

∞

 𝑛=ҏ+𝑗

 𝑛|𝑎 𝑛||𝑧|
 𝑛−ҏ+1. 

Thus 

∑  ∞
 𝑛=ҏ+𝑗

 𝑛

(ҏ−𝜉)
|𝑎 𝑛||𝑧|

 𝑛−ҏ+1 ≤ 1.                                    (15) 

By Theorem 1  

∑  ∞
 𝑛=ҏ+𝑗

1

 Ƹ( 𝑛)
|𝑎 𝑛| ≤ 1.                                                   (16) 

Hence (15) will be true if    
 𝑛

(ҏ−𝜉)
|𝑧| 𝑛−ҏ+1 ≤

1

 Ƹ( 𝑛)
 

We obtain   |𝑧| ≤ {
(ҏ−𝜉)

 𝑛 Ƹ( 𝑛)
}

1

 𝑛+1−ҏ
. 

Theorem 8 : If  ℎ(𝑧) ∈ Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼) then   ℎ(𝑧) ∈ 𝑺∗(𝜉) in |𝑧| < 𝑅2 , where  

𝑅2 =

{
 
 

 
 

{((
ҏ − 𝜉

 𝑛 − 𝜉
)

1

 Ƹ( 𝑛)
}

1
 𝑛−ҏ

}

}
 
 

 
 

 𝑛≥1+ҏ

𝑖𝑛𝑓

. 

 

Proof : We need to show that   |
𝑧ℎ′(𝑧)

ℎ(𝑧)
− ҏ| ≤ ҏ − 𝜉 

We have  

|
𝑧ℎ′(𝑧)

ℎ(𝑧)
− ҏ| ≤

∑  ∞
 𝑛=ҏ+𝑗 ( 𝑛−ҏ)|𝑎 𝑛||𝑧|

 𝑛−ҏ

1−∑  ∞
 𝑛=ҏ+𝑗 |𝑎 𝑛||𝑧|

 𝑛−ҏ ≤ ҏ − 𝜉.                            (17) 

Hence (17) holds true if   

∑  ∞
 𝑛=ҏ+𝑗

( 𝑛−𝜉)

(ҏ−𝜉)
|𝑎 𝑛||𝑧|

 𝑛−ҏ ≤ 1,                                                  (18) 
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By Theorem 1  

∑  ∞
 𝑛=ҏ+𝑗

1

 Ƹ( 𝑛)
|𝑎 𝑛| ≤ 1.                                                                   (19) 

 by (18) and (19) will be true if   

( 𝑛 − 𝜉)

(ҏ − 𝜉)
|𝑧| 𝑛−ҏ ≤

1

 Ƹ( 𝑛)

|𝑧| 𝑛−ҏ ≤ (
ҏ − 𝜉

 𝑛 − 𝜉
)

1

 Ƹ( 𝑛)

 

THEOREM 9 : If  ℎ(𝑧) ∈ Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼) , then ℎ(𝑧) ∈ 𝐶(𝜉) in |𝑧| < 𝑅3, where 

𝑅3 =

{
 
 

 
 

{((
ҏ(ҏ − 𝜉)

 𝑛( 𝑛 − 𝜉)
)

1

 Ƹ( 𝑛)
}

1
 𝑛−ҏ

}

}
 
 

 
 

 𝑛≥1+ҏ

𝑖𝑛𝑓

 

Proof : We know that  ԧ(𝑧) is convex if and only if  h′(w) is starlike. We must show that 

|
𝑧ℎ′(𝑧)

ℎ(𝑧)
− ҏ| ≤ ҏ − 𝜉, 

where ℎ(𝑧) = 𝑧ℎ′(𝑧) 

|
𝑧ℎ′(𝑧)

ℎ(𝑧)
− ҏ| = |

−∑  ∞
 𝑛=ҏ+1  𝑛( 𝑛 − ҏ)𝑎 𝑛𝑧

 𝑛

ҏ𝑧ҏ − ∑  ∞
 𝑛=ҏ+1  𝑛𝑎 𝑛𝑧

 𝑛
| ≤

∑  ∞
 𝑛=ҏ+𝑗  𝑛( 𝑛 − ҏ)|𝑎 𝑛||𝑧|

 𝑛−ҏ

ҏ − ∑  ∞
 𝑛=ҏ+𝑗  𝑛|𝑎 𝑛||𝑧|

 𝑛−ҏ
≤ ҏ − 𝜉. 

Therefore , we have 

∑  ∞
 𝑛=𝑝+𝑗

 𝑛( 𝑛−𝜉)

ҏ(ҏ−𝜉)
|𝑎 𝑛||𝑧|

 𝑛−ҏ ≤ 1.                        (20) 

By Theorem 1  

∑  ∞
 𝑛=ҏ+𝑗

1

 Ƹ( 𝑛)
|𝑎 𝑛| ≤ 1.                                        (21) 

From (20) and (21) , will be true if  
 𝑛( 𝑛−𝜉)

ҏ(ҏ−𝜉)
|𝑧| 𝑛−ҏ ≤

1

 Ƹ( 𝑛)
 

|𝑧| ≤ {(
ҏ(ҏ − 𝜉)

 𝑛( 𝑛 − 𝜉)
)

1

 Ƹ( 𝑛)
}

1
 𝑛−ҏ

. 

Theorem 10: Let ℎ1(𝑧) = 𝑧
ҏ and ℎ 𝑛(𝑧) = 𝑧𝑝 −  Ƹ( 𝑛)𝑧  𝑛 for  𝑛 ≥ 1 + ҏ. Then ℎ(𝑧) ∈

Γ∗(ҏ, 𝜆 , 𝜙 , 𝛿, 𝛼)  if and only if  ℎ(𝑧) =  𝜆 1ℎ1(𝑧) + ∑  𝜆  𝑛ℎ 𝑛(𝑧) 
∞
 𝑛=ҏ+𝑗 , where  𝜆 𝑛 ≥ 0 and 

 𝜆 1 + ∑  ∞
 𝑛=ҏ+𝑗  𝜆  𝑛 = 1. 

 

 



 

Sumer Journal for Pure Science (ISSN: 2790-7031) 

2nd International Scientific Conference on Pure and Medical Sciences/University of Sumer 2024 
 

241 
 

2. Conclusion 

   The class of analytic and p-valent functions with negative coefficients in the open unit disk 

is introduced. Also, the important geometric properties are presented like distortion theorems, 

extreme points, closure theorems, and inclusion properties. Also, we obtain radii of convexity, 

starlikeness and close-to-convexity for functions belonging to class.  
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