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Abstract  

Hither the delay partial differential problems of order one are introduced. Here is 

swamped in proving some related theorems with its conditions which is supporting 

by remarks, and implementation. Also, some counter examples are given to show 

that the converse of some the presented theorems that have been proved may not be 

true. Finally, conclusion is given. 
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الأولىمن الرتبة   ة على تأخير المسائل التفاضلية الجزئيةظرن  

  
 انمار هاشم جاسم1*  علاء وحيد خلف 2

 
 ، العراقالجامعة المستنصرية ، العلومكلية  الرياضيات، قسم  2،1

 
 الخلاصة                 

اثياث بعض النظريات ذات الصككلة   مالأولى، وتالرتبة   التاخيرية منتم تقديم المشككت ت التضاضككلية الج  ية 

هار ان عتس بعض النظريات  ثلة المضكاة  ظ إعطاء بعض الأم موالتنضيذ، وأيضكا، تالتي تدعم الم حظات 

ان المعاةلة التضاضكلية الج  ية التاخيرية   اظسكتنتا،، المقدمة التي تثبت انها قد ظ تتون صكييية  واخيرا تم 

وتم  المطاف، من الرتبة الأولى يمتن ان يتون لها حلول إيجابية او حلول سكككلبية او حلول متذبذبة ني نهاية 

    ظ يتون صييياة التي تثبت ان العتس مناقشة بعض الأمثل

 

1. Introduction  

The delay partial differential equations simply is described by at least two independent variables, 

an unknown function of the independent variables, the behaviour of the unknown function at some prior 

𝜏 value of the independent variables, and partial derivatives of the unknown function. Really, many 

authors have studied the concept of delay differential problems of order two as in [1-3]. While the delay 

differential equations ordinary and partial are interested in [4-5].  Authors in [6-7] focus on oscillating. 

Moreover [8] is submitted basic concepts in this field of mathematics. 

Herein catch up in introducing new problems in delay partial differential equations, which are 

denoted in this paper by (DPDPs). Where are proved theorems supplied by conditions with applications 

on it which is represented by examples to discuss the converse of theorems. Inasmuch are getting at 

remarks and implementation to clarify the theorems and its conditions. 
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2. Main Results 

            The purpose of this paper is to introduce a new formula of DPDPs of order one. Additionally, 

examples, theories, and mathematical results are used to explain all the possible and problematic 

properties of DPDPs. Furthermore, some counterexamples are given to clear the converse of some of the 

presented theorems. 

 

3. Definition  

The DPDPs are a set of an equation and two inequalities in modern mathematics of the first 

degree, which is shown below: 

                                               𝑡𝜓𝑡(𝑡) + 𝛼(𝑡)𝜓(𝑡) + 9𝑝(𝑡)𝜓(𝑡 − 𝜏) ≤ 0                                     (1) 

                                               𝑡𝜓𝑡(𝑡) + 𝛼(𝑡)𝜓(𝑡) + 9𝑝(𝑡)𝜓(𝑡 − 𝜏) ≥ 0                                        (2) 

                                                𝑡𝜓𝑡(𝑡) + 𝛼(𝑡)𝜓(𝑡) + 9𝑝(𝑡)𝜓(𝑡 − 𝜏) = 0                                        (3) 

           Where  𝛼(𝑡)≥ 0, 𝑝(𝑡) ˃ 0 are continuous function on some interval a ≤ t ≤ b and, 𝜏 is a positive 

constant, with the following sufficient conditions are satisfied under theorems (1), (2), and (3) in this 

work. 

• Inequalities (1) do not have eventually positive solutions. 

• Inequalities (2) do not have eventually negative solutions. 

• Equation (3) has just oscillatory solution. 

   

4. Theorem Consider the delay partial differential inequality 

                                𝑡𝜓𝑡(𝑡) + 𝛼(𝑡)𝜓(𝑡) + 9𝑝(𝑡)𝜓(𝑡 − 𝜏) ≤ 0                                                   (1) 

           Where 𝜏 is a positive constant and  𝛼(𝑡) ≥ 0  ,𝑝(𝑡) > 0 are continuous function, 𝑡 ∈ ℝ+. Assume 

that 

                             lim
𝑡→∞

𝑖𝑛𝑓 9 ∫ 𝑝(𝑠)𝑑𝑠
𝑡

𝑡−𝜏
≥ − lim

𝑡→∞
 inf ∫ 𝛼(𝑠)𝑑𝑠

𝑡

𝑡−𝜏
                                               (2) 

And, 

                            lim
𝑡→∞

𝑖𝑛𝑓 9 ∫ 𝑝(𝑠)𝑑𝑠 > 0
𝑡

𝑡−
𝜏

2

                                                                                         (3) 

          Then (2.4) has eventually negative solutions only. 

Proof: Starting the proof by supposing that 𝜓(𝑡) is an eventually positive solution, which leads to a 

contradiction  

                                  𝜓(𝑡) ≥ 0        for  𝑡 > 𝑡𝑜 

Then 𝜓(𝑡 − 𝜏) > 0   for 𝑡 > 𝑡𝑜 + 𝜏 and from 2.4 

                                𝜓𝑡(𝑡) < 0    for 𝑡 > 𝑡𝑜 + 𝜏  

So  𝜓(𝑡) is decreasing  

Hence,  𝜓(𝑡) < 𝜓(𝑡 − 𝜏)     for    𝑡 > 𝑡𝑜 + 2𝜏    

Set that                            𝑄(𝑡) =
ψ(𝑡−𝜏)

𝜓(𝑡)
  for 𝑡 > 𝑡𝑜 + 2𝜏                                                              (4) 

Then,  𝑄(𝑡) > 1.   

Dividing both sides of (2.4) by 𝜓(𝑡), for 𝑡 > 𝑡𝑜 + 2𝜏, to obtain that                        

    

                       
𝑡𝜓𝑡(𝑡)

𝜓(𝑡)
+

𝛼(𝑡)𝜓(𝑡)

𝜓(𝑡)
+

9𝑝(𝑡)𝜓(𝑡−𝜏)

𝜓(𝑡)
≤ 0  , 𝑡 > 𝑡𝑜 + 2𝜏                                                           (5) 

Integrating both sides of (2.8) from 𝑡 − 𝜏  to 𝑡, for 𝑡 > 𝑡𝑜 + 3𝜏, to get: 
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                       ∫ 𝑠 
𝜓𝑡(𝑠)

𝜓(𝑠)

𝑡

𝑡−𝜏
𝑑𝑠 + ∫ 𝛼(𝑠)𝑑𝑠

𝑡

𝑡−𝜏
+ ∫ 9𝑝(𝑠)𝑄(𝑠)𝑑𝑠

𝑡

𝑡−𝜏
≤ 0 , 𝑡 > 𝑡𝑜 + 3𝜏                  (6)   

So the integral of the first term from the left of Eq. (2.9) is  

                        ∫ 𝑠 
𝜓𝑡(𝑠)

𝜓(𝑠)

𝑡

𝑡−𝜏
𝑑𝑠 = 𝑠 . 𝑙𝑛 𝜓(𝑠)𝑑𝑠│

𝑡−𝜏

𝑡
−  ∫  𝑙𝑛 𝜓(𝑠) 

𝑡

𝑡−𝜏
𝑑𝑠                                         (7) 

           = 𝑡. 𝑙𝑛 𝜓(𝑡) − ( 𝑡 − 𝜏). 𝑙𝑛 𝜓( 𝑡 − 𝜏) − [  𝜓(𝑠). 𝑙𝑛 𝜓(𝑠) − 𝜓(𝑠)]│
𝑡−𝜏

𝑡
 

           =  𝑡. 𝑙𝑛 𝜓(𝑡) − ( 𝑡 − 𝜏). 𝑙𝑛 𝜓( 𝑡 − 𝜏) − [𝜓(𝑡). 𝑙𝑛 𝜓(𝑡) − 𝜓(𝑡) − ( 𝜓(( 𝑡 − 𝜏)𝑙𝑛 𝜓(( 𝑡 −   𝜏) −

      𝜓( 𝑡 − 𝜏))]                                                                                                                                   (8) 

         =  𝑡. 𝑙𝑛 𝜓(𝑡) − ( 𝑡 − 𝜏). 𝑙𝑛 𝜓( 𝑡 − 𝜏) − 𝜓(𝑡). 𝑙𝑛 𝜓(𝑡) + 𝜓(𝑡) + ( 𝜓(( 𝑡 − 𝜏)𝑙𝑛 𝜓(( 𝑡 − 𝜏) +

      𝜓( 𝑡 − 𝜏))                                                                                                                                               

   =  𝑙𝑛 𝜓(𝑡)[𝑡 −  𝜓(𝑡)] −  𝑙𝑛 𝜓( 𝑡 − 𝜏)[ ( 𝑡 − 𝜏) +  𝜓( 𝑡 − 𝜏)] + [ 𝜓(𝑡)  +  𝜓( 𝑡 − 𝜏)]                 (9) 

So, one can write (9) as in the following: 

𝑙𝑛 𝜓 (𝑡)[𝑡 −  𝜓(𝑡)] −  𝑙𝑛 𝜓( 𝑡 − 𝜏)[ ( 𝑡 − 𝜏) +  𝜓( 𝑡 − 𝜏)] + [ 𝜓(𝑡)  −  𝜓( 𝑡 − 𝜏)] + ∫ 𝛼(𝑠)𝑑𝑠
𝑡

𝑡−𝜏
−

∫ 9𝑝(𝑠)𝑄(𝑠)𝑑𝑠
𝑡

𝑡−𝜏
≤ 0      𝑡 >  𝑡0 + 3 𝜏        

𝑙𝑛 𝜓(𝑡)[𝑡 −  𝜓(𝑡)] −  𝑙𝑛 𝜓( 𝑡 − 𝜏)[ ( 𝑡 − 𝜏) +  𝜓( 𝑡 − 𝜏)] + [ 𝜓(𝑡)  −  𝜓( 𝑡 − 𝜏)] ≤ − ∫ 𝛼(𝑠)𝑑𝑠
𝑡

𝑡−𝜏
−

∫ 9𝑝(𝑠)𝑄(𝑠)𝑑𝑠
𝑡

𝑡−𝜏
       𝑡 >  𝑡0 + 3 𝜏                                                                                   (10) 

Now, integrating  (4) from  𝑡 −
𝜏 

2
  to t and using the fact that 𝜓(𝑡) is decreasing, one gets that: 

          ∫ 𝑠𝜓𝑡(𝑠)𝑑𝑠
𝑡

𝑡−
𝜏 

2

+ 𝜓(𝑡) ∫ 𝛼(𝑠)𝑑𝑠
𝑡

𝑡−
𝜏 

2

+ 𝜓(𝑡 − 𝜏) ∫ 9𝑝(𝑠)𝑑𝑠
𝑡

𝑡−
𝜏 

2

≤ 0, for 𝑡 >  𝑡0 +
𝜏 

2
               (11) 

Then the integral of the first tern from the left of (11) becomes   

∫ 𝑠𝜓𝑡(𝑠)𝑑𝑠

𝑡

𝑡−
𝜏 
2

= 𝑡. 𝜓(𝑡) − ( 𝑡 −
𝜏 

2
) 𝜓( 𝑡 −

𝜏 

2
) −  𝜓(𝑡) ∫  𝛼(𝑠) 

𝑡

𝑡−
𝜏 
2

𝑑𝑠 

So, here can (8) as in the following:  

                 𝑡. 𝜓(𝑡) − ( 𝑡 −
𝜏 

2
) 𝜓 ( 𝑡 −

𝜏 

2
) −  𝜓(𝑡).

𝜏

2
+ 𝜓(𝑡) ∫ 𝛼(𝑠)𝑑𝑠

𝑡

𝑡−
𝜏 

2

+ 𝜓(𝑡 − 𝜏) ∫ 9𝑝(𝑠)𝑑𝑠
𝑡

𝑡−
𝜏 

2

 ≤ 0   

Dividing the last inequality first by 𝜓(𝑡) and then by 𝜓 (𝑡 −
𝜏 

2
), to obtain respectively: 

                         
  𝑡.𝜓(𝑡) 

𝜓(𝑡)
−

 𝜓( 𝑡−
𝜏 

2
)( 𝑡−

𝜏 

2
)

𝜓(𝑡)
−

𝜓(𝑡)

𝜓(𝑡)
.

𝜏

2
 +

𝜓(𝑡)

𝜓(𝑡)
 ∫ 𝛼(𝑠)𝑑𝑠

𝑡

𝑡−
𝜏 

2

 +
𝜓(𝑡−𝜏)

𝜓(𝑡)
  ∫ 9𝑝(𝑠)𝑑𝑠

𝑡

𝑡−
𝜏 

2

≤ 0      

                      𝑡 −
 𝜓( 𝑡−

𝜏 

2
)( 𝑡−

𝜏 

2
)

𝜓(𝑡)
+

𝜏

2
+ ∫ 𝛼(𝑠)𝑑𝑠

𝑡

𝑡−
𝜏 

2

 +
𝜓(𝑡−𝜏)

𝜓(𝑡)
 9 ∫ 𝑝(𝑠)𝑑𝑠

𝑡

𝑡−
𝜏 

2

≤ 0                               (12) 

               
𝑡.𝜓(𝑡) 

𝜓( 𝑡−
𝜏 

2
)

− (𝑡 −
𝜏

2
) +

𝜏

2
.

𝜓(𝑡)

𝜓( 𝑡−
𝜏 

2
)

 +
𝜓(𝑡)

𝜓( 𝑡−
𝜏 

2
)
 ∫ 𝛼(𝑠)𝑑𝑠

𝑡

𝑡−
𝜏 

2

 +
𝜓(𝑡−𝜏)

𝜓( 𝑡−
𝜏 

2
)
  ∫ 9𝑝(𝑠)𝑑𝑠

𝑡

𝑡−
𝜏 

2

≤ 0             (13) 

Set that   𝑄(𝑡) =
ψ(𝑡)

𝜓(𝑡−
𝜏

2
)
  for 𝑡 > 𝑡𝑜 + 3𝜏                                                             

Since 𝑄 ≤ 1. & 𝜓(𝑡) is decreasing, so when  t→ ∞ 

Then Q(t)→ 0 

That is why lim
𝑡→∞

𝑖𝑛𝑓 9 ∫ 𝑝(𝑠)𝑑𝑠 ≤
𝑡

𝑡−
𝜏

2

(t-
𝜏

2
).

𝜓( 𝑡−
𝜏 

2
)

𝜓(𝑡−𝜏)
 

 Inasmuch  lim
𝑡→∞

𝑖𝑛𝑓 9 ∫ 𝑝(𝑠)𝑑𝑠 ≤ 0
𝑡

𝑡−
𝜏

2
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This result   contradicts (3)       

Now: 

Use lim
𝑡→∞

 inf  on the Eq.( 10) to be 

lim
𝑡→∞

 inf  ln 
𝜓(𝑡)

𝜓( 𝑡−𝜏)
.[

[t− 𝜓(𝑡)]

 𝜓( 𝑡−𝜏)[ ( 𝑡−𝜏)+ 𝜓( 𝑡−𝜏
)]+lim

𝑡→∞
 inf [ 𝜓(𝑡) +  𝜓( 𝑡 − 𝜏)] ≤ −lim

𝑡→∞
 inf ∫ 𝛼(𝑠)𝑑𝑠

𝑡

𝑡−𝜏
−

lim
𝑡→∞

 inf ∫ 9𝑝(𝑠)𝑄(𝑠)𝑑𝑠
𝑡

𝑡−𝜏
                                                                                                         (14) 

              Since lim
𝑡→∞

  
𝜓(𝑡)

𝜓( 𝑡−𝜏)
=0 and   𝜓(𝑡)˃0 , 𝜓( 𝑡 − 𝜏)˃0 

Then 

            0  ≤ −lim
𝑡→∞

 inf ∫ 𝛼(𝑠)𝑑𝑠
𝑡

𝑡−𝜏
− lim

𝑡→∞
 inf ∫ 9𝑝(𝑠)𝑄(𝑠)𝑑𝑠

𝑡

𝑡−𝜏
                 

             lim
𝑡→∞

 inf 9 ∫ 𝑝(𝑠)𝑑𝑠
𝑡

𝑡−𝜏
]≤ −lim

𝑡→∞
 inf ∫ 𝛼(𝑠)𝑑𝑠

𝑡

𝑡−𝜏
 

which contradicts condition (2) 

 Finally, the proof is complete. 

 

5. Remark The converse of theorem (1) may not be true as in the following 

 

6. Example Consider the delay partial differential inequality 

                                                       𝑡𝜓𝑡(𝑡) + 9 𝜓 (𝑡 −
3𝜋

12
) ≤ 0                                                     (15) 

So the  solution 𝜓(𝑡) = − sin 𝑡  is eventually negative.                   

But the condition (3) is not satisfied.     

                                   

7. Theorem Consider the delay partial differential inequality. 

                                               𝑡𝜓𝑡(𝑡) + 𝛼(𝑡)𝜓(𝑡) + 9𝑝(𝑡)𝜓(𝑡 − 𝜏) ≥ 0                                     (16)  

        Where 𝜏 is a positive constant  and  𝛼(𝑡) ≥ 0  ,𝑝(𝑡) > 0 are continuous function, 𝑡 ∈ ℝ+. Assume 

that 

                                             lim
𝑡→∞

𝑖𝑛𝑓 9 ∫ 𝑝(𝑠)𝑑𝑠
𝑡

𝑡−𝜏
˃ − lim

𝑡→∞
 inf ∫ 𝛼(𝑠)𝑑𝑠

𝑡

𝑡−𝜏
                                                     

And,   

                                lim
𝑡→∞

𝑖𝑛𝑓 9 ∫ 𝑝(𝑠)𝑑𝑠 > 0
𝑡

𝑡−
𝜏

2

                                                                                    

Then (16) has eventually positive solutions only. 

 

Proof. Starting the proof by supposing that (t) is   an eventually negative solution. 

                              𝜓(𝑡) ≤ 0,        for  𝑡˂𝑡𝑜 

Then 𝜓(𝑡 − 𝜏) < 0, for 𝑡 < 𝑡𝑜 + 𝜏 and from Eq.(16) 

                              𝜓𝑡(𝑡) > 0    for 𝑡 < 𝑡𝑜 + 𝜏  

So  𝜓(𝑡) is decreasing  

Hence,  𝜓(𝑡)˂𝜓(𝑡 − 𝜏)     for    𝑡 < 𝑡𝑜 + 2𝜏   Set  

that                                    𝑄(𝑡) =
ψ(𝑡−𝜏)

𝜓(𝑡)
  for 𝑡 < 𝑡𝑜 + 2𝜏                                                          (17) 

Then,  𝑄(𝑡) < 1.   

Dividing both sides of  Eq.(16) by 𝜓(𝑡), for 𝑡 < 𝑡𝑜 + 2𝜏, to obtain that                           
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𝑡𝜓𝑡(𝑡)

𝜓(𝑡)
+

𝛼(𝑡)𝜓(𝑡)

𝜓(𝑡)
+

9𝑝(𝑡)𝜓(𝑡−𝜏)

𝜓(𝑡)
≤ 0   𝑡 < 𝑡𝑜 + 2𝜏                                  (18) 

         Which is the same inequality (8) & continue the proof to get a contradiction as the   same steps in 

the proof of theorem (1) 

 

8. Remark The converse of theorem (2) may not be true as show in the following example 

 

9.Example Consider the delay partial differential inequality 

                                                         𝑡𝜓𝑡(𝑡) + 9𝜓(𝑡 − 2𝜋) ≥ 0                                                       (19) 

Then  the solution 𝜓(t) = cos 𝑡 when t satisfies the inequality  is eventually positive 

but  the inequality is not satisfied the  condition (3).           

                                             

10.Theorem Consider the delay partial differential inequality. 

                                          𝑡𝜓𝑡(𝑡) + 𝛼(𝑡)𝜓(𝑡) − 9𝑝(𝑡)𝜓(𝑡 − 𝜏) = 0                                           (20) 

Where 𝜏 is a positive constant  and  𝛼(𝑡) ≥ 0  ,𝑝(𝑡) > 0 are continuous function, 𝑡 ∈ ℝ+. Assume that 

                        lim
𝑡→∞

𝑖𝑛𝑓 9 ∫ 𝑝(𝑠)𝑑𝑠
𝑡

𝑡−𝜏
˃ − lim

𝑡→∞
 inf ∫ 𝛼(𝑠)𝑑𝑠

𝑡

𝑡−𝜏
                                               

And, 

                         lim
𝑡→∞

𝑖𝑛𝑓 9 ∫ 𝑝(𝑠)𝑑𝑠 > 0
𝑡

𝑡−
𝜏

2

                                                 

Then (20) has oscillatory solution only. 

Proof: Let 𝜓(𝑡) be a non-oscillatory solution, then 𝜓(𝑡) either eventually positive i.e. 𝜓(𝑡)˃ 0. 

So, it satisfies one of the following cases: 

                         1.𝑡𝜓𝑡(𝑡) + 𝛼(𝑡)𝜓(𝑡) + 9𝑝(𝑡)𝜓(𝑡 − 𝜏)˂0     and leads to a contradiction by Theorem 

(1)  

                        2. 𝑡𝜓𝑡(𝑡) + 𝛼(𝑡)𝜓(𝑡) + 9𝑝(𝑡)𝜓(𝑡 − 𝜏) > 0    the solution is eventually positive by 

(2)                            

  Or 𝜓(𝑡) is eventually negative i.e.  𝜓(𝑡)˂ 0. 

 So, it satisfies one of the following cases:            

                       1. 𝑡𝜓𝑡(𝑡) + 𝛼(𝑡)𝜓(𝑡) + 9𝑝(𝑡)𝜓(𝑡 − 𝜏) ˃ 0 which contradiction is a by (2)                                                                                      

               2. 𝑡𝜓𝑡(𝑡) + 𝛼(𝑡)𝜓(𝑡) + 9𝑝(𝑡)𝜓(𝑡 − 𝜏) ˂ 0    is eventually negative. By (1) 

From the above discussions, the solutions are   only oscillating 

  

11. Remark: the converse of theorem (3) may not be true as show in the following example 

 

12. Example Consider the delay partial differential inequality  

                                                           𝑡𝜓𝑡(𝑡) + 9𝜓 (𝑡 −
3𝜋

2
) = 0                                                         (21) 

Then 𝜓(𝑡) = sin 𝑡 sin 𝑥 is oscillatory  

But the condition (2) is not satisfied. 

 

Implementations 

Now some illustrative examples are mentioned to solve DPDPs, which is represented 

by examples below as an application on the above theorems.  
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13. Example Consider the delay partial differential inequality    

                                                  𝑡𝜓𝑡(𝑡) + 𝑒−𝑡𝜓(𝑡) + 9𝑒−2𝑡𝜓(𝑡 − 𝜏) ≤ 0                                    (22) 

Then inequality is satisfied the conditions (2) and (3) where  

 𝛼(𝑡) =   𝑒−𝑡, 𝑝(𝑡) = 𝑒−2𝑡 and the solution 𝜓(𝑡) = −𝑒−2(𝑡+𝑥) 

  is an eventually negative where  𝜓𝑡(𝑡) = 2𝑒−2(𝑡+𝑥). 

14. Example Consider the delay partial differential inequality     

                                                         𝑡𝜓𝑡(𝑡) + 9𝜓(𝑡 − 𝜏) ≥ 0                                                         (23) 

So the conditions (2) and (3)  where   𝛼(𝑡) =  0,  𝑝(𝑡) = 1 are satisfied  

Also   𝜓(𝑡) = 𝑒−𝑡 is an eventually positive solution  

Where    𝜓𝑡(𝑡) = 𝑒−𝑡. 

15.Example Consider the delay partial differential inequality    

                                                          𝑡𝜓𝑡(𝑡) − 9𝜓(𝑡 −
𝜋

2
) = 0                                                         (24) 

The conditions (2) and (3) where  𝛼(𝑡) = 0, 𝑝(𝑡) =1 are satisfied and the solution  𝜓(𝑡) = 𝑠𝑖𝑛𝑥𝑠𝑖𝑛𝑡 is 

an oscillatory solution  

 Where  𝜓𝑡(𝑡) =𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑡 . 
 

Conclusion 

           This study found that DPDPs, ultimately has a variety of solutions (eventually positive, eventually 

negative, oscillatory). In addition, the above results are explained through examples, theorems. 

Moreover, some remarks are presented which show the converse of some of the presented theorems. 

 

Future Work  

           Our work in the near future shows in the solutions demeanour of the delay partial differential 

problems of order two  

 

Acknowledgements 
             Special thanks and deep appreciation go to my super Asst. Prof. Dr. Anmar Hashim Jasim, for her continuous 

support and valuable advice. Beside, grateful thank to the staff of the department of mathematics, Collage of Science, 

Mustansiriyah University for their support. Thanks and feeling to my folks and my wife for their assistance.  

 

References 

[1]A. H. Jasim, "Studying the solutions of the delay Sturm Liouville problems," Italian Journal of Pure and 

Applied Mathematics, p. 842, 2020. Available at 69 AnmarHashimJasim.pdf (uniud.it) . 

[2] A. H. Jasim and B. M. Al-Baram, "Discussion on delay Bessel’s problems," International Journal of 

Nonlinear Analysis and Applications, vol. 13, no. 1, pp. 2303-2306, 2022.  Available at 

https://ijnaa.semnan.ac.ir/article_5930_d2aa34f2662c741f74b864ee17fab21c.pdf 

[3] A. H. Jasim and B. M. Al-Baram, "Highlight on the solutions of delay Legendre problems," in AIP Conference 

Proceedings, 2023, vol. 2591, no. 1: AIP Publishing LLC, p. 050032. DOI https://doi.org/10.1063/5.0119635. 

Available on Highlight on the solutions of delay Legendre problems | AIP Conference Proceedings | AIP 

Publishing 

https://ijpam.uniud.it/online_issue/202043/69%20AnmarHashimJasim.pdf
https://ijnaa.semnan.ac.ir/article_5930_d2aa34f2662c741f74b864ee17fab21c.pdf
https://doi.org/10.1063/5.0119635
https://pubs.aip.org/aip/acp/article-abstract/2591/1/050032/2880673/Highlight-on-the-solutions-of-delay-Legendre?redirectedFrom=fulltext
https://pubs.aip.org/aip/acp/article-abstract/2591/1/050032/2880673/Highlight-on-the-solutions-of-delay-Legendre?redirectedFrom=fulltext


Anmar Hashim Jasim and Alaa Waheed Khalaf                                    SUJPS 2023 (June), Vol. 2, No. 1, p.p.:10-16 

 
 

16 
 

[4] G. A. Articolo, Student Solutions Manual, Partial Differential Equations & Boundary Value Problems with 

Maple. Academic Press, 2009. 

[5] S. I. Solodushkin, I. F. Yumanova, and R. H. De Staelen, "First order partial differential equations with time 

delay and retardation of a state variable," Journal of Computational and Applied mathematics, vol. 289, pp. 322-

330, 2015. Available at First order partial differential equations with time delay and retardation of a state variable 

(sciencedirectassets.com) 

[6] A. Polyanin, V. Sorokin, and A. Zhurov, Delay Ordinary and Partial Differential Equations. 2023. 

[7] E. A. Hussain and S. S. Hussain, "Solution of Linear System of the First Order Delay Differential Inequalities," 

Journal of Mechanics of Continua and Mathematical Sciences, vol. 14, 2019. DOI 

https://doi.org/10.26782/jmcms.2019.04.00034. Available at https://jmcms.s3.amazonaws.com/wp-

content/uploads/2019/04/24094509/34-Solution-of-Linear-System.pdf 

[8] G. Ladas and I. Stavroulakis, "On delay differential inequalities of first  

order," Funkcial. Ekvac, vol. 25, pp. 105-113, 1982. Available at http://fe.math.kobe-

u.ac.jp/FE/FE_pdf_with_bookmark/FE21-30-en_KML/fe25-105-113/fe25-105-113.pdf 

[9] B. Zubik-Kowal, "Delay partial differential equations," Scholarpedia, vol. 3, no. 4, p. 2851, 2008. DOI 

doi:10.4249/scholarpedia.2851. Available at Delay partial differential equations - Scholarpedia. 

https://pdf.sciencedirectassets.com/271610/1-s2.0-S0377042715X00094/1-s2.0-S0377042714005883/main.pdf?X-Amz-Security-Token=IQoJb3JpZ2luX2VjEEMaCXVzLWVhc3QtMSJHMEUCIGRWc6o10wTg2HG1FMwHbehfFhuawDSygCbUiRILHWoSAiEA5MlBmL3r8%2BxVxU%2FE6MN6QXo7SX4g%2BiQtVYlR46kvJScquwUIjP%2F%2F%2F%2F%2F%2F%2F%2F%2F%2FARAFGgwwNTkwMDM1NDY4NjUiDImwNJml4Kev4E5u7iqPBc%2BlnbWq4D51zcT%2BZc73NjhdkuB%2BHb9qjakSgg5hDaeFUNjSgd%2F2bI2F5ESzxQ3JE4OyjdIcqN4ZFESKodMWHtSQqPLESmnpqSJcjcCTbxkAacnY9FTYTEXorzzLJdohpJUTLg6DUHmiDpbWedN2MY2N4vl8dk4Q4cScp5pyJwxApOJjS1lCRaL80WKb0V%2FaFJP3hyZu8Ss3fQ8F%2BGV43mQ%2FC2O7M2VkMOJXiVoWXYEsK0USl5%2BNXnrL4exr5P5O07JwL2%2FecXcZzqdZ6xAW3lcmYgi1%2BzpDYemG9IcW3iNN5jNiPoKFx620U%2FzTk1ltKNcyBtaFpPJBUSgLzi0wjCK1XuQAD0mS12u7brhstN1HUnFo6dICv2EkUKr%2Boz8ctJrBhbg4Rt%2FctahN775uk%2B1W%2BBCHRBbG8xyCEULwH71ZZiGpoH%2B3QG7vo5vU07thEk1DQzewV4DNChwTSAYU1hcJ0ODE%2BJnENGJ%2FUpi5JwDEoWFSZGKq5itsGtyoiFA7KDpdnjOS4%2BDM9DnbMKqv1fXXBIFeq7BiGjuLVOu3Sxgupyd37AlFsgolg8quhm3GWCgzIeBcd1nLigE0K45CGmOnOybUYd4lTKWY1sWFglZQNXEtfhJxCcdYsw7MSDkdkY5Z46TI0KwmiqzlNTaqxoznw3Nb69PcE14Vbg7UxQ1Q%2Bj24j1lHwJwsPg1ACNye5N4Qi0mKWHiionv5wN9%2F0TdZeGhAl73Ednx%2BMXSkjZXqakPK6B32y3o2oHArxdb6RT0szYiBdq%2Ffw6jsVtffMuUZk%2BIJThu2JL6VP718Ut6lww6ky7Kn4ipyPpoxP99ZzJqd4FS0bua7ShE8u1vggu8FsgWHh5OkFH%2BVp0Ay59EwyISMpAY6sQGPgbNUgLNKJk2kSpdX6c08wuqNeJWE9brN4HWj24RmdXVMRq2AHR1YcjNppI9IZwLJQew5%2BhZQX0k%2BtAyKoq5XFadGmqdbV6C1DeVQOResIJkG02D%2F4mMY5qKK61XWFRaD4mJYSQgZFdjljAWqSEA20x1J53DZqsU5d%2BYP08%2FToyLiVDiOSClKk6pYKPl2ABR%2FiU1GyKu9l%2FWmbx4J2cjqvPJn2F%2B6oIK1j0jIvQspFfU%3D&X-Amz-Algorithm=AWS4-HMAC-SHA256&X-Amz-Date=20230609T113900Z&X-Amz-SignedHeaders=host&X-Amz-Expires=299&X-Amz-Credential=ASIAQ3PHCVTYTSLT2IPC%2F20230609%2Fus-east-1%2Fs3%2Faws4_request&X-Amz-Signature=1c08a2b710962b8c3a29818a3e464bc2c8dee97692a1694c4ea2fbbf1bf6feba&hash=c2ce7425271d371017ede6054f553f4a97b4860c748090a72bf015ae9469b2cc&host=68042c943591013ac2b2430a89b270f6af2c76d8dfd086a07176afe7c76c2c61&pii=S0377042714005883&tid=spdf-9d932871-4726-43bb-8cd1-41cfd945253a&sid=d22d87e08bbb014d6299b5c86752735be882
https://pdf.sciencedirectassets.com/271610/1-s2.0-S0377042715X00094/1-s2.0-S0377042714005883/main.pdf?X-Amz-Security-Token=IQoJb3JpZ2luX2VjEEMaCXVzLWVhc3QtMSJHMEUCIGRWc6o10wTg2HG1FMwHbehfFhuawDSygCbUiRILHWoSAiEA5MlBmL3r8%2BxVxU%2FE6MN6QXo7SX4g%2BiQtVYlR46kvJScquwUIjP%2F%2F%2F%2F%2F%2F%2F%2F%2F%2FARAFGgwwNTkwMDM1NDY4NjUiDImwNJml4Kev4E5u7iqPBc%2BlnbWq4D51zcT%2BZc73NjhdkuB%2BHb9qjakSgg5hDaeFUNjSgd%2F2bI2F5ESzxQ3JE4OyjdIcqN4ZFESKodMWHtSQqPLESmnpqSJcjcCTbxkAacnY9FTYTEXorzzLJdohpJUTLg6DUHmiDpbWedN2MY2N4vl8dk4Q4cScp5pyJwxApOJjS1lCRaL80WKb0V%2FaFJP3hyZu8Ss3fQ8F%2BGV43mQ%2FC2O7M2VkMOJXiVoWXYEsK0USl5%2BNXnrL4exr5P5O07JwL2%2FecXcZzqdZ6xAW3lcmYgi1%2BzpDYemG9IcW3iNN5jNiPoKFx620U%2FzTk1ltKNcyBtaFpPJBUSgLzi0wjCK1XuQAD0mS12u7brhstN1HUnFo6dICv2EkUKr%2Boz8ctJrBhbg4Rt%2FctahN775uk%2B1W%2BBCHRBbG8xyCEULwH71ZZiGpoH%2B3QG7vo5vU07thEk1DQzewV4DNChwTSAYU1hcJ0ODE%2BJnENGJ%2FUpi5JwDEoWFSZGKq5itsGtyoiFA7KDpdnjOS4%2BDM9DnbMKqv1fXXBIFeq7BiGjuLVOu3Sxgupyd37AlFsgolg8quhm3GWCgzIeBcd1nLigE0K45CGmOnOybUYd4lTKWY1sWFglZQNXEtfhJxCcdYsw7MSDkdkY5Z46TI0KwmiqzlNTaqxoznw3Nb69PcE14Vbg7UxQ1Q%2Bj24j1lHwJwsPg1ACNye5N4Qi0mKWHiionv5wN9%2F0TdZeGhAl73Ednx%2BMXSkjZXqakPK6B32y3o2oHArxdb6RT0szYiBdq%2Ffw6jsVtffMuUZk%2BIJThu2JL6VP718Ut6lww6ky7Kn4ipyPpoxP99ZzJqd4FS0bua7ShE8u1vggu8FsgWHh5OkFH%2BVp0Ay59EwyISMpAY6sQGPgbNUgLNKJk2kSpdX6c08wuqNeJWE9brN4HWj24RmdXVMRq2AHR1YcjNppI9IZwLJQew5%2BhZQX0k%2BtAyKoq5XFadGmqdbV6C1DeVQOResIJkG02D%2F4mMY5qKK61XWFRaD4mJYSQgZFdjljAWqSEA20x1J53DZqsU5d%2BYP08%2FToyLiVDiOSClKk6pYKPl2ABR%2FiU1GyKu9l%2FWmbx4J2cjqvPJn2F%2B6oIK1j0jIvQspFfU%3D&X-Amz-Algorithm=AWS4-HMAC-SHA256&X-Amz-Date=20230609T113900Z&X-Amz-SignedHeaders=host&X-Amz-Expires=299&X-Amz-Credential=ASIAQ3PHCVTYTSLT2IPC%2F20230609%2Fus-east-1%2Fs3%2Faws4_request&X-Amz-Signature=1c08a2b710962b8c3a29818a3e464bc2c8dee97692a1694c4ea2fbbf1bf6feba&hash=c2ce7425271d371017ede6054f553f4a97b4860c748090a72bf015ae9469b2cc&host=68042c943591013ac2b2430a89b270f6af2c76d8dfd086a07176afe7c76c2c61&pii=S0377042714005883&tid=spdf-9d932871-4726-43bb-8cd1-41cfd945253a&sid=d22d87e08bbb014d6299b5c86752735be882
https://www.journalimcms.org/journal/solution-of-linear-system-of-the-first-order-delay-differential-inequalities/
https://jmcms.s3.amazonaws.com/wp-content/uploads/2019/04/24094509/34-Solution-of-Linear-System.pdf
https://jmcms.s3.amazonaws.com/wp-content/uploads/2019/04/24094509/34-Solution-of-Linear-System.pdf
http://fe.math.kobe-u.ac.jp/FE/FE_pdf_with_bookmark/FE21-30-en_KML/fe25-105-113/fe25-105-113.pdf
http://fe.math.kobe-u.ac.jp/FE/FE_pdf_with_bookmark/FE21-30-en_KML/fe25-105-113/fe25-105-113.pdf
http://dx.doi.org/10.4249/scholarpedia.2851
http://www.scholarpedia.org/article/Delay_partial_differential_equations

