Sumer University Journal for Pure Science (ISSN: 2790-7031)
SUJPS 2023 (June), Vol. 2, No. 1, p.p.: 10-16

Glance on Delay Partial Differential Problems of Order One

Anmar Hashim Jasim! and Alaa Waheed Khalaf 2

College of Science, University of Mustansiriyah, Iraq

Abstract

Hither the delay partial differential problems of order one are introduced. Here is
swamped in proving some related theorems with its conditions which is supporting
by remarks, and implementation. Also, some counter examples are given to show
that the converse of some the presented theorems that have been proved may not be
true. Finally, conclusion is given.
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1. Introduction

The delay partial differential equations simply is described by at least two independent variables,
an unknown function of the independent variables, the behaviour of the unknown function at some prior
T value of the independent variables, and partial derivatives of the unknown function. Really, many
authors have studied the concept of delay differential problems of order two as in [1-3]. While the delay
differential equations ordinary and partial are interested in [4-5]. Authors in [6-7] focus on oscillating.
Moreover [8] is submitted basic concepts in this field of mathematics.

Herein catch up in introducing new problems in delay partial differential equations, which are
denoted in this paper by (DPDPs). Where are proved theorems supplied by conditions with applications
on it which is represented by examples to discuss the converse of theorems. Inasmuch are getting at
remarks and implementation to clarify the theorems and its conditions.
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2. Main Results

The purpose of this paper is to introduce a new formula of DPDPs of order one. Additionally,
examples, theories, and mathematical results are used to explain all the possible and problematic
properties of DPDPs. Furthermore, some counterexamples are given to clear the converse of some of the
presented theorems.

3. Definition
The DPDPs are a set of an equation and two inequalities in modern mathematics of the first
degree, which is shown below:

te(6) + a(®Oy() + Ip(OYP(E —1) <0 @)
te(8) + a(Oy() + Ip (DYt —1) 2 0 )
tYe () + a(®Oy(t) + Ip(OY(Et —1) = 0 ©)

Where a(t)> 0, p(t) > 0 are continuous function on some interval a <t <b and, 7 is a positive
constant, with the following sufficient conditions are satisfied under theorems (1), (2), and (3) in this
work.

e Inequalities (1) do not have eventually positive solutions.
e Inequalities (2) do not have eventually negative solutions.
e Equation (3) has just oscillatory solution.

4. Theorem Consider the delay partial differential inequality
t(8) + a(@yP(®) + Ip (Pt —7) <0 (1)
Where 7 is a positive constant and a(t) = 0 ,p(t) > 0 are continuous function, t € R*. Assume

that

liminf 9 J__p(s)ds > - lim inf J}__a(s)ds )
And,

lim inf 9 ftt_zp(s)ds >0 (3)

—0 2

Then (2.4) has eventually negative solutions only.
Proof: Starting the proof by supposing that 1 (t) is an eventually positive solution, which leads to a
contradiction
Y(t) =0 for t>t,
Theny(t —t) >0 fort>t,+ tandfrom2.4
Y () <0 fort>t,+1
So y(t) is decreasing
Hence, Y(t) <y(t—1) for t>t,+ 2t

Set that Q(t) = YD for g > t, + 2t 4)

P
Then, Q(t) > 1.
Dividing both sides of (2.4) by ¥ (t), for t > t, + 21, to obtain that

tWe®) | ap®) | POPE-1)
<
(D) + e + e <0 ,t>to+2‘[ (5)

Integrating both sides of (2.8) fromt — 7 to t, fort > t, + 37, to get:
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ft 15;(5)) ds + f ca(s)ds + ftt_T 9p(s)Q(s)ds <0, t > to+ 37 (6)
So the integral of the first term from the left of Eq. (2.9) is
t
. ‘ If);((s)) ds =s.ln(s)ds| . tt_T Iny(s) ds (7

= t.lnp() = (t= 0.t =) — [ Y(s).ln () = ()] | _
= tlnp(®) = (¢t — 7). Inp(t—1) = (POl Y(®) — Pp(©) — (P((t = DInPp((t— 1) -

Y(t—1)] 8
= t.lnyp@) —(t—1).InY(t—1) —P©).nyPp@) + @) + (P((t —DInP((t —1) +

P(t—1))

= nyp@[t—- p@O] - myp(t—-D[(t—1)+ P(t—D] + [YP@) + P(t—7)] )

So, one can write (9) as in the following:

Iy Ot — POl — mp(t—D[(t—1) + Pt =D+ [P(®) — Y(t—D]+ [,  a(s)ds -
ftt_r Ip(s)Q(s)ds<0 t>ty+371

@[t — PO - Inyp(t—D[(t— 1)+ Pp(t - D]+ [P®) — P(t— D] < —[__a(s)ds —

[ 9p()Q(s)ds  t> ty+37 (10)
Now, integrating (4) from t — TE to t and using the fact that 1 (t) is decreasing, one gets that:
[z spe(s)ds +(©) e a(s)ds +p(t —1) [« 9p(s)ds < 0, for t > to += (11)

Then the integral of the first tern from the left of (11) becomes
t

[ swords = ep@ - (- Dwe -9 - w© [ a6 ds

T T
t— t—

So, here can (8) as in the following:
ey —(e=2)p(e=2) - wO.S+vp© [« c a(s)ds + (¢ = 1) ft_z 9p(s)ds <0
Dividing the last inequality first by ¥ (t) and then by (t — —) to obtain respectively:
v W(e)(t73) v 2O [ a(s)ds A2 [ 9p(s)ds < 0

Y P(®) Y2 Y@ Yo
w(e5)(-3) = ¢(t —7) o ot
_— o 2aJ\ 27 - <
t R +f a(s)d e 9f_ p(s)ds 0 (12)
tP®) T T Y llJ(t) lll(t T)
Y A B (O] . a(s)ds = 9p(s)ds < 0 13
el b R raa R T TLO) % Jieop(s)ds (13)

Set that Q(t v fort >t, +3
G T

Since Q < 1. & Y(t) is decreasing, so when t— oo
Then Q(t)— 0

That ISWhyllanf9f rp(s)d <(t- )11)( 2

Y(t-1)
Inasmuch llm inf9 ft_zp(s)ds <0
—00 2
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This result contradicts (3)
Now:
Use lim inf on the Eq.( 10) to be

o W(t) [t— ()] o . et
—_ < — —_
%1_{?0 inf In w(t—r)'[lp(t—r)[(t—r)+ w(t_r)]+11_r)£10 inf[Y(t) + Y(t—1)] ll_r)glo mfft_ra(s)ds

lim inf ftt_T 9Ip(s)Q(s)ds (14)

. . P(t) _
Since ll_r)g w(H)-O and Y(t)>0,yY(t—1)>0

Then
T et
0 < —ll_r)lgno inf [__a(s)ds — ll_r)?o inf [ 9p(s)Q(s)ds
ll_rﬂr}O inf9 ftt_rp(s)ds]S —ll_r)g inf ftt_ra(s)ds

which contradicts condition (2)
Finally, the proof is complete.

5. Remark The converse of theorem (1) may not be true as in the following

6. Example Consider the delay partial differential inequality

t, () + 99 (t — i—:) <0 (15)
So the solution ¥ (t) = — sint is eventually negative.
But the condition (3) is not satisfied.

7. Theorem Consider the delay partial differential inequality.

te(t) + a(®)yP(t) + p(OP(t —1) =0 (16)
Where 7 is a positive constant and a(t) = 0 ,p(t) > 0 are continuous function, t € R*. Assume
that

. t ot
ll_r)gmf 9/, p(s)ds>— %1})130 inf [ _a(s)ds
And,
lim inf9ftt_3p(s)ds >0
—00 2

Then (16) has eventually positive solutions only.

Proof. Starting the proof by supposing that (t) is an eventually negative solution.
Y(t) <0, for t<t,

Theny(t — 1) <0, fort < t, + 7 and from Eq.(16)
Y () >0 fort<t,+t

So Y (t) is decreasing

Hence, y(t)<y(t—1) for t<t,+ 2t Set

that 0t) =22 fort < t, + 21 (17)

P(©)
Then, Q(t) < 1.
Dividing both sides of Eq.(16) by ¥ (t), fort < t, + 27, to obtain that
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te(t) + a(®yE) + ()Y (t—1)

<
w© P v =0 t<tot2t (18)

Which is the same inequality (8) & continue the proof to get a contradiction as the same steps in
the proof of theorem (1)

8. Remark The converse of theorem (2) may not be true as show in the following example

9.Example Consider the delay partial differential inequality

tY.(t) +9Y(t—2m) =0 (19)
Then the solution ¥ (t) = cos t when t satisfies the inequality is eventually positive
but the inequality is not satisfied the condition (3).

10.Theorem Consider the delay partial differential inequality.
t(8) + a(@yP() —Ip )Pt —7) =0 (20)

Where 7 is a positive constant and a(t) = 0 ,p(t) > 0 are continuous function, t € R*. Assume that

. t . . t

liminf 9 J,_ p(s)ds>— lim inf J,_ a(s)ds
And,

lim inf 9 ftt_zp(s)ds > 0

—00 2
Then (20) has oscillatory solution only.

Proof: Let y(t) be a non-oscillatory solution, then ¥ (t) either eventually positive i.e. ¥(t)> 0.
So, it satisfies one of the following cases:

Lty (t) + a(®)yY(t) + 9p(t)Y(t —1)<0  and leads to a contradiction by Theorem
)

)
Or y(t) is eventually negative i.e. ¥ (t)<O.
So, it satisfies one of the following cases:
1.ty (t) + a()y(t) + Ip(t)yY(t — t) > 0 which contradiction is a by (2)
2.t (t) + a(®)yY(t) + Ip(t)yY(t — ) <0 iseventually negative. By (1)
From the above discussions, the solutions are only oscillating

2.ty (t) + a(@®)yY(t) + 9p(t)yY(t — 1) > 0 the solution is eventually positive by

11. Remark: the converse of theorem (3) may not be true as show in the following example

12. Example Consider the delay partial differential inequality
tpe () + 99 (t =) = 0 (1)

Then ¥(t) = sint sin x is oscillatory
But the condition (2) is not satisfied.

Implementations

Now some illustrative examples are mentioned to solve DPDPs, which is represented
by examples below as an application on the above theorems.

14



Anmar Hashim Jasim and Alaa Waheed Khalaf SUJPS 2023 (June), Vol. 2, No. 1, p.p.:10-16

13. Example Consider the delay partial differential inequality
t () + e P (t) + 9e Yt —1) <0 (22)
Then inequality is satisfied the conditions (2) and (3) where
a(t) = et p(t) = e?t and the solution Y (t) = —e =2+
is an eventually negative where ,(t) = 2e=2(t+%),

14. Example Consider the delay partial differential inequality

tY,(t) +9Y(t—1) =0 (23)
So the conditions (2) and (3) where «a(t) = 0, p(t) = 1 are satisfied
Also Y (t) = et is an eventually positive solution
Where . (t) =e™t.
15.Example Consider the delay partial differential inequality

t(6) = 9Pt =) =0 (24)
The conditions (2) and (3) where a(t) =0, p(t) =1 are satisfied and the solution ¥ (t) = sinxsint is
an oscillatory solution
Where 1, (t) =sinxcost .

Conclusion

This study found that DPDPs, ultimately has a variety of solutions (eventually positive, eventually
negative, oscillatory). In addition, the above results are explained through examples, theorems.
Moreover, some remarks are presented which show the converse of some of the presented theorems.

Future Work
Our work in the near future shows in the solutions demeanour of the delay partial differential
problems of order two
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