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Abstract

In this paper, we present a new formulation for some applications of the dynamic
mathematical programming problems using time scale. These applications include
linear and quadratic objective function. Also, this formulation is an extension for the
existing one. In addition, the continuous models and quantum models are obtained by
choosing T = R and T = gN° receptively. Moreover, the primal and the dual of the
dynamic mathematical programming models on time scales are constructed for the
linear and quadratic production model. This concepts of the duality theory will help
the decision maker to choose either the primal model or the dual model for finding
the optimal solution in particular for isolated time scales set. Furthermore, using this
formulation the optimal solution can be obtained easily using some well-known
discrete optimization methods such us simplex method and interior point method.

Keywords: Dynamic production model, quantum calculus, primal model, dual model,
time scales.
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1. Introduction

It is well known that a dynamical model presents a mathematical model that describes how
this model behave over time. The dynamical models have recently used to characterize of
various phenomena in fields for instances physics, engineering, biology, economics, and more
related area. Also, dynamical models play an important role in understanding the dynamics of
complex systems and predicting their future states. In addition, there are two types of
dynamical model which are the discrete and continuous models. These models have been
studied from different perspectives such as solutions methods, algorithms and real world
applications.

On the other hand, the concept of time scales was first introduced by Stefan Hilger in the
early 1980s, and it has received significant attention in various scientific aspects. The time
scales framework provides a more comprehensive understanding of dynamic processes by
allowing researchers to bridge the gap between continuous and discrete models. Likewise,
dynamic mathematical programming models have verity of real world applications for example
in physics, in engineering, business and finance.

The dynamic continuous time models have studied from different perspectives, for more
details we refer to [9, 10]. On the other hand, new formulation of LP models on time scales has
presented by [1, 4] using time scales. FL models have been established using time scales by
[2]. Non-linear programming problems have been introduced using time scales by [3]. Some
applications of mathematical programming are established using quantum calculus analogues
asin[5, 6, 8].

The objective of this paper is to extend the formulation that is presented in [5, 6] to general
class of time scales for which the quantum calculus and the continuous model are obtains as
special cases and the optimal solution can be obtained easily.

2. Discrete Mathematical Programming Models Setup

Discrete mathematical models consist of objective function and constraints and the goal is to
find the optimal solution that provides the maximum profit or minimum cost. The mathematical
primal model of discrete LP model is described as follows:

Maxz = cTx (@))

St. Ax < b

Where,
¢ =[¢ln »x =[X]n, A = [aijlmen » b = [bi]m,
Cj, dj,x]', al-j eR.

The dual linear model as follows.
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MinW = bTy )
St. ATy > ¢
»>0.
Where,
¢ =[¢ln ¥y =jlm A= [aijlmen » b = [bilm,
i, Yj,Qij € R.
The primal and dual discrete programming model have many applications see for examples

[11],[12],[13] and these models can be solved using some well-known methods such us
graphical method, simplex method, interior point method, and revised simplex method.

3. Overview of Time Scales
Throughout, “T is the time scale, o is the forward jump operator, [ is the graininess, f: T —

b .
R is a function, f* is the delta derivative of f, and J, fOA is the time scales integral of f
between a,b € T” for more details about the basic concepts of time scales we refer to [1,7].
In this paper, we will use the following time scales integrals formulas as presented in [1,7].

1-If T = Z, then
b-1

b
f f(At = Zf(k),where a,b € Twitha < b.
a k=a

2-Leth >0, If T =hZ ={hk : k € Z},then

b
71

b
f F(DAL = hz f(kh),where a,b € T with a < b.
a a

k=ﬁ

3-1f T = q"o, then
qn n—1
f fat=(@q-1 Z q*f(q*),where m,n € Ny with m < n.
qm k=m
4-1f T =R, then

b b
J f(HAt = J f(t)dt, where a,b € T with a < b.

a a
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4. Continuous-time Leontief Production Model

Leontief production model is a well know economics model. There are two types of this
economics model open model and closed model. For more details, we refer to  [5,6,9]. The
primal and dual models for linear model are presented as in [5,6,9] respectively in Table 1:

Table 1- Primal and dual formulation of Leontief production model

PLLPMTS DLLPMTS
Max W(x) = J-T(d(t)x(t))dt Min G(y) = J. (c@®)y(t))dt
0 0
t T
s.t. A()x(t) < c(t) + f Mx(s)ds, s.t. Ay(t) = a(t) + f My(s)ds,
andx € E,, x(t)=0,t€[0.T] andy € E,, y()=0, te[0.T

Now, the primal and dual models for quadratic model are presented as in [5,6,9] respectively in Table 2.

Table 2- Primal and dual formulation of quadratic Leontief production
PQLPMTS DQLPMTS

Max W(x) = [j (a(0)x(6) + 1 2(©)Dx())dt  Min G = f; (=2 #@Dv(®) + c®y(®))

s.t. Ax(®) < c(t) + [ Mx(s)ds s.t. Ay(©) = a(®) + [ My(s)ds,
and x € E,, x(t)>0,t €[0.T] andy € Ep, y(t) =0, te[0.T]

5. Quadratic Leontief models on Time Scales

The authors in [5,6] have been formulated the linear and quadratic Leontief production models
in quantum calculus. In this Section, we extend this formulation to general time scales.
Throughout this paper, as in [1,5,6] we use “J to denote the time scale interval J=[0,T]
NT,

and by Ex, we denote the space of all rd-continuous functions from J into RK”.
The primal and the dual linear Leontief production model on time scales are respectively in
table 3 as:

Table 3- Time scale formulation of linear Leontief production model
PLLPMTS DLLPMTS

a(T) a(T)

Max W(x) = f (a@®)x(t))At Min G(y) = f (c@®)y)At

0 0

t o(T)
s.t. A@)x(t) < c(t) + f Mx(s)As, q™ € s.t. Ay(t) = a(t) + J’ My(s)As,
0 a(t)
andx € E,, x(t)=0,t€]. andy € E,, y(t)=0, t€
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The primal and dual quadratic Leontief production model on time scales are respectively in
Table 4 as:

Table 4- Time scale formulation of quadratic Leontief production model

PQLPMTS DQLPMTS
o(T) o(T) .
Max W(x) = f (d(t)x(t) +§;’c(t)0x(t))m Min G(y) = f (=2 2DV () + ey ()
0 0 .
t a(T)
s.t. A(t)x(t) < c(t) + f Mx(s)As, q" €] s.t. Ay(t) = a(t) + My(s)As, q" €
0 a(t)
andx € E,, x(t)=0,t€]. andy € E,, y(t) =0, tej.
6. Examples
6.1 Example 1
“ =Z", then
o) =t+1, =1, for teT,

and the time scales production linear and quadratic models will become discrete models
respectively as follows.

Casel: linear model in Table 5 as follows.

Table 5- Linear production modelon T =Z

PLLPMTS DLLPMTS
a(T) a(T)
Max W (x) = f (d(t)x(t))At Min G(y) = f (c(t)y(t))At
0 0
b-1 b-1
Max W) = ) (400x(K)). Min G = ) (c(y()
where a, b Ek;"awith a<b ) k=Z(T) i
t s.t.Ay(t) = a(t) + My(s)As, t€]
s.t. A()x(t) < c(t) + J Mx(s)As, te€] a(t)
0 b-1
b-1

s.t. Ay(t) = a(t) + Z My(k)
s.t. A(Dx(t) < c(®) + Z Mx(k) L
k=a where a,b € Twitha < b
and x € E,, x(t)=0,t€Z. andy € E,, y(t)=0 te€Z.

Case2: quadratic model in Table 6 as follows.

Table 6- Linear production modelon T =Z

PQLPMTS DQLPMTS
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a(T) a(T)
Max W (x) = f (d(t)x(t) 1 ae(t)Dx(t)) At MinG(y) = f (—% 5()Dv(t) + c(D)y (D)
Ob—l Ob—l ‘
Max W (x) = (d(k)x(k) + %J’c(k)Dx(k)) Min G(y) = Z (—; 5()Dv (k) + c(k)y(k
k=a bt ’ k=a o) ,
s.t. AO)x(t) < c(t) + Z Mx (k) s.t. Ay(t) = a(t) + " My(s)As, te
k=a

b-1
andx € E,, x(t)=0,teZ.

where a,b € Twitha <b s.t. Ay(8) z a(t) + Z Mxx (k)
k=a

andy € E,, y(t) =0, tez.
where a,b € Twitha <b

6.2 Example 2

"T=hZ={hk:k€Zh>0}"then

2({)=t+h, () =h, for teT,
and the time scales production linear and quadratic models will become discrete models
respectively as follows.

Casel: linear model in Table 7 as follows.

Table 7- Linear production modelon T =Z

PLLPMTS DLLPMTS
a(T) o(T)
Max W (x) = f (d(t)x(t))At Min G(y) = f (c(t)y(t))At
0 0
by by
Max W) = h ) (6(en)x(kh)), Min G) = h )" (c(kh)y(kh)
k=7 k=7
t o(T)
s.t. A@)x(t) < c(t) + f Mx(s)As, te€] s.t.Ay(t) = a(t) + My(s)As, t€]
0 a(t)
s.t. A@®)x(@) <c(t) +h Z Mx(kh) s.t. Ay(t) = a(t) +h z My(kh)
k=2 _a
R =2
where a,b € T witha < b where a,b € T witha < b
andx € E,, x(t)=0,t €hZ. andy € E,, y(t)=0, t€hZ.
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Case2: quadratic model in Table 8 as follows.

Table 8- Linear production modelon T =Z

PQLPMTS DQLPMTS

a(T)
Max W (x) = f

0

o(T)
(d(t)x(t) 1 ;e(t)Dx(t)) At MinG(y) = f
0
b
_1 —_—

(d(kh)x(kh) +1 J'C(kh)Dx(kh)) —h (—% 5(kh) Dv(kh) + c(kh)y(kh)]
k

(_% B()DV(E) + ()Y (E)

SIS
=

=h

]

=

I
=
=

b

b, a (1)

h s.t. Ay(t) = a(t) + f My(s)As, te€
a(t)

s.t. ADx(0) < c(b) + hz Mx(kh)
b

_a —1
k—h h

and x € E,, x(t)=0,t€Z. s.t. Ay(t) = a(t) + hz Mx(kh)
where a,b € T witha < b

_a
k=g

andy € E,, y(t) =0, teZz.
where a,b € T witha < b

7. Remarks
1-. “ T =R", then
a(t) =t, H(t) =0, for teT,

and the time scales production linear and quadratic models will become continuous-time
models respectively as in [9].

2- Let“ >1.If T=gqgNo={q":n € N,y}", then
a(t) = at, u® =(@- bt for teT,

and the time scales production linear and quadratic models will become quantum models
respectively as in [5],[6].

8. Conclusions

A formulation for some applications of mathematical programming problems using time
scales technique has been presented. This formulation is an extension of quantum calculus
analogues that are presented by [5],[6]. Based on our new formulation we can obtain the
dynamic continuous time model and dynamic quantum calculus model by setting T=Rand T
= g"\° receptively. Moreover, we can obtain the optimal solution if we restrict the new
formulation on isolated time scales sets such as T = q"’and T = Z. In addition, the dual model
for these applications is established for linear and quadratic models which is very important
role in optimization theory. Also, the dual model will provide alternative way to formulate the
problem and provides bounds on the optimal solution and may offer a different perspective on
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the problem. This work can extend to other dynamic models such as in engineering, physics
and other related applications.
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