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Abstract:

Many papers about the approximation of analytic functions on a compact unit
disk using Szasz- Durrmeyer operator were introduced. These papers are restricted
to analytic functions. Here we generalize szasz operator by using the definition of
L, (D) to get a best approximation to a function in quasi normed spaces. The upper
bound theorem and VVoronovskaja type result are presented. .

Keywords: Compact disks' exact order of approximation, complex Szasz-
Durrmeyer operators, Voronovksaja type results and simultaneous approximation.

sshal) sibaysd —(ELE ke aladialy Ly (D) gakad) il

Yaags ssan la ¥ 1245 gala dasa
Bl i Alae b s dyeall asbell L) A0S Sl !
Blall 8 (53 dlidlan , sages dmals Al LIS ilpslyl o
Ghall S Alilae ,clill ehasl) daals  Au il S bl s

-

Ladal)
-GilE Jale aladinly (o gea sl Baa gl i e Ablaall J1gall G5 Jon Egadl e paall 208
Cay el aladinly Gl e apenty Ui Candl 138 3 Dbl Jsall e Cogall 038 juaii | a0
Aty eV aad) &yl Jie S 3 jleall Cileliaill 8 Al il Qb e Jseanll L, (D)
RENUWR PPt s

g5 (gl e sELE e dia saa yall (al O o El ALl Ag ) cAalidal) clals))
Ol el a8 LS ) 58



mailto:mmohamnedhadi@gmail.com

Sumer Journal for Pure Science (ISSN: 2790-7031)
2nd International Scientific Conference on Pure and Medical Sciences/University of Sumer 2024

1. Introduction

Concerning the uniform convergence of the complex Bernstein polynomials in the

complex plane, Bernstein [1] showed that the complex Bernstein polynomials Bs(f)(z) =
>, (g) zt(1 - z)‘s“’f(g) converge to fin D if f : 7 — C is analytic in the open set H <
C, with D c H (with D = {z € C:|z| < 1} is the open unit disk).

Gal in [2] collected VVoronovskja-type results with quantitative estimates for the complex
Bernstein, complex g-Bernstein, complex Baskakov, complex Szasz (more precisely Favard-
Szasz- Mirakjan), complex Bernstein-Kantorovich, complex Balazs-Szabados, and complex

Stancu-Kantorovich operators attached to analytic functions on compact disks.

In Gal [3], [4], [5], [6] . Gal and Gupta [7], [8], [9] , Gal-Gupta-Mahmudov [10], Gupta
and Verma [11] , Mazhar and Totik [12] , Walczak [13], Wood [14], Wright [15], the
approximation properties of various complex variants for Durrmeyer-type operators were

intensively studied.

Define

Lp@) = {F:D = C: Il = | [ 11P) <o,
D

where 0 < p < 1.

Below we introduce a modification of the complex szasz- durrmeyer operators:
c v
Es(N() = ) B (5). &
£=0

where Bs ,(z) = (f,) z(1-2)%*and § €N.

Let us define the stancu type generalization of the operator (1) as follows:
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EM;s()(z) = 52 Bs ¢(2) (f Ba,e(}’)f(Y)d}’) (2)
=0 0

The aim of this paper s to prove approximation results using the operator in equation (2) for
functions in L, (D). Also, the exact order of approximation and the VVoronovskaja type result

by this operator is obtained.
2. Auxiliary Results
First, we need now the following uxiliary results.

Lemma 2.1: Let f € L,(D), f: D — C and there exists F,C > 0 such that |[f(w)| < Ce"".
Denoting f(z) = Yoo, d, 2%, d, € R, we have EMs()(z) = X5, dy EMs(e))(z) VS > F

where e, is a complex valued function on C.
Proof: Forall 9 € Nand 0 < r < 1, let us define
fo(z) = Z dz* if 2] < rand f4(z) = fw) if w € (r, +00).
u=0

Since Ifp(2)| < Ti-o|dy|-r* := C.,V |z] < rand 6 € N, f € L,(D), from the hypothesis on

fitis clear that for all 6 € N it follows |fs(z)| < C,ze™™,Vw € [0, +0).

This implies that for each fixed 8,6 € N,6 > F

EM5(fo) () = gdﬂzw (5) a—2 (6 [ (G)ra- y)a-ﬂe”dy).

Then using £ distribution for the integral above to get:

M'
(6 -w!

B @) = Y dya #(0) =2y
§u=0

Using the definition of L, (D), we obtain

o0 |
||EM5(fg)(Z)”Lp(D) = ;duzz ( )(1 3)5 u (6uﬂ)l

Lp(D)
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) ; .22 (ﬁ) (-2 ﬁ!u)!”Lp@)

D=

1

S

1
oo o

<@y () arnrrgts ([ )

u=0

o

|
= (p)c,mz (5> = ok S K(ar)? < o,
u=0

We note that the final series is convergent according to the ratio criterion. Therefore
EMs(fo) () is well-defined.

Denoting fa(2) = d;(e) (2) if |2| < rand fo,(w) =2 ifw € (r, ).

Let fo(2) = X9_,f9.1(2). Because EM; is linear, we have

0
EM5(0)(2) = ) daEMs(en)(2),¥ |2] <,
A=0

it's enough to show that glim EMs(fg)(z) = EMs(f)(z) for all fixed 6 € N and |z]| < r. As

gli_rgo”fe _.ﬂle('D):Oa and
IEMs(fo) (2) — EM&(T)(Z)”LP(D) < c(p,d)llfg _ﬂ|Lp(D).

4
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for any |z| < r, The proof is finished m

Lemma 2.2: If (e;)(z) = 2% and S51(2) = EMs(e;)(2), then

, - A+1 ¢
Ss2(2) =T 2 Ss.+1(8) — <E - E> S6,1(2).
Proof: We have
© too
%MﬁwZ%m(memwﬁ
7=0 0

=5 ; By, (2) ( L - (8) (@ - yye-eyesa dy> |

Then using £ distribution for the integral above to get:

£+ ! ]
S+ A1+ 1) ®

Ss.1(2) = 55!2 Bs ¢ (z)
=0

This immediately implies

, o £+ ) s 2\
Ssa(8) = 66!;{,! Gris 1)!<({,)z*’(1—z)6 *’)

DL sy, o, (6 Y
=55!;€!(5+l+1)!<(€){%€ 1.(1-2)° [+(£)Z['5_{](1_Z)5 ¢ 1)

¢ -0 _~ (L+A+1D! s S+A+2

- _ — 58! . t.1=5)06"¢. ____—

7 Ssa(8) + =09 ;e!(6+a+2)! ({’)Z A=) a1

¢ 5—¢ §—0 A+1__~o (C+A+D! 5 s 1
—_ A N | . . _ .
2502 @ F T S @) — 15 LG+ A+ D! ({’)Z S By

= L0 + Sl S 1 (0) ~ L 55,(2)
=3 sA\2 1-2 sA+1(% 1-2 s\%),

which shows the statement's recurrence =

Corollary 2.3: By direct calculations we get
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if

, 5—¢ A+1 ¢
S5a(z) = -2 Ss1+1(3) — (m - E) Ss.1(2),
then
1-3 zQA+£+1)—+¢

Ss1+1(3) =

S5 — £S5/1( ) < Z(é‘_f) >S(§,ﬂ.(z)'

3. Main Results
We first introduce the following upper bound theorem.

Theorem 3.1: Let D = {z € C:|z| < 1} and f € L,(D), f: D — C, and f(z) = X5, d; 57
Thenfor§ >1land §,¢ € N,

IEMs () (2) = f(D)lL,m) <

1

__1 [0e]

—5(5 {,)Zldal [6((1+NT+3)+¢+ 1](nr2)p,1(2r)2l 1 < oo,

Proof: By using definition of L,(D), we get

5
IEMs () = fllL,m@ = <fD |EM5(f) —ﬂpdz> ,

and by using the recurrence relation of corollary 2.3, we have

1- A+€+1)—-+¢
S6.4+1(2) = 5— {,Saa(z) <Z( :(St{% >55,,1(Z)

forall 1 € {0,1,2,...},6 € N. This gives us the recurrence formula immediately

1—23 /
195429 = 2%l 5 = |55 155-12) = #*71

21—1
) [Ss.1-1(z) — 2771 + 5 z 1

z(A+€+1)—+¢
< z(6—1)

Lp(D)
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1
<o !

1—-3 ’
| 7 [Ss.1-1(2) — 2*71]

Lp(D)

<z(/1+€+1)—£

2G-D ) [S52-1(@) = 2"

Lp(D)

4 ”2/’1 — 1Z/1_1

Lp (D)l

A+4+1)—2¢
CET L

1_1 1+r<] _|P
< 2p Ss 1-1(z) — 241 dz)
§—2\Jp “5'“ ]|

S

..... 1 1

A+e+1D) -6\ (" » Po2a—1((" .\
e [ ) R (S O

hence

1_1 14+r 11
|S5.1(z) — ZA”Lp(D) < 2p [5 .y ” [Ss.2-1(2) — 2*7"] ”Lp(D)
r(A+¢+1)—+¢ _ 2—-1, ,_
( r(6 —2) > ||Sa,/1—1(5) —z* 1” + 5 ”Zl1 1”Lp(1>) '

Lp(D)

Then using Bernstein's inequality for S; ; (z) polynomial of the degree A — 1 we obtain:
_ A-1] _ A1
|[S5.1-1(2) — 2*71] ||Lp oy S CAPSs2-12) =277 ),

where c(A, p) is a positive constant depending on A and p.

Therefore, it follows
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1.+ rcap)
|S5.1(z) — z’1||Lp(D) <o |

[1Ss5.4-1(2) — ZA_1||LP(D)

21—-1
6

A—l”

rA+¢+1)—+¢
( E

LIS

L,(D) [’
Lp(D) P

consequently, we get

1,1+ Dep) [ [+ )
IS5,(2) _Zl”Lp(D) <20 lT <L |Ss.-1(2) — 2% 1|pdz>

[y
=

O ot B[

Using equation (3) and after performing calculations for any > [ , we get

11

152(2) — 2| [6((1+ el p) +3) + € + 1221 (er2)s.

<
Lp() — §(6 — ¢)

Now, by Lemma 2.1, we can write

EMs(D(2) = ) d155.(2)
A=0

which implies

[ee]

Z d;Ss(2) — z*
=0

IEMs()(2) — f(@)lL ) =

Lp(D)

[ee)

< ) 1dl[S52() - 2
A=0

Lp(D)

1, o

2p e
< m;kiﬂ [6((1+ Necp) +3) + £+ 1]A2rN L (rr?)?.

Thensince0 <r<1,so

IEMs () (2) — f(2) | ) <

8
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zp—iu [[6((1+cAp)+3)+4+ 1](7rr2)%/1(2r)’1_1 < o
56-0 L P '

The Voronovskja type result that holds

Theorem 3.2: Let D ={z€C:|z| <1} and fEL,(D), f:D—C, that is f(z) =
S odyz* Thenforall |z| <r,6 >1 and§,£ €N

<

Lp(D)

1
|ems0@ - 1) - 5 £@) - 5 £2)

(anZ)%c()L,p) - .
6(5—{) ;ldll[(g(l'i‘r)+2(5+€)+/1(6—€)+1](/1_1)(2,-)/1 < oo,

Proof: We denote e;(z) = 28,1 =0,1,2,.. and S5,(z) = EMs(e;z). By Lemma 2.1, we
can write EMs(f)(2) = X590 d2Ss2(2) forall § € N. Also

Zf”(z)Jr f& _ dea 1742 4= Zdﬂzzﬂ 1

1 (o]
—Z A1 = 1) + A1z
6 —_—
Thus
1 5, d 12721
EMs(D(2) — () — 5 @) — 2 F'(2) = ) d(S52() — ex(2) = ),
=0
forany § € N, z € Dy,.
By corollary 2.3, forany § € Nand 1 =0, 1, 2, ..., we have
1- zA+€+1)—¢
S.4+1(2) = — {,55/‘1(3) < 26 —0) )Ss,a(z)-
If we denote
/12 A-1
Bis (8) = S5(2) — e(8) — —5—, ©
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then it's clear that B, s (z) is a polynomial with degree less than or equal to A. Using the

aforementioned recurrence relation and some easy calculation obtain:

1- A+0)—+¢ 277721 - 1)3
B/I,S(Z)_6 {,BA 15(2) + <Z(Z(;;_—_){,)>BA—1,5(Z)+ z gz )

forany 1> 1,8, €N,§ > [, &|z| <r.

Hence
||B/1.5 (Z)”Lp(p)
1-— z(A+0) ¢ 2z472(1 - 1)3
By 15(2) + <—_> Bi-15(2) + 3
HcS ? z(6 — %) o Ly (D)
1l -z z(A+£0)—¢
<2?° |||=—5Bi-15() + <— Bi-15 (2)
—f Lp(D) Z(6 - f) Lp(D)
2z472(1 —1)3 ]
> :
0 Lp(D)
This implies
||Bas (Z)”Lp@)
1_1 1+r Z(A )
<20 |——||B} — 7 ||z*2
= [6 Ny ” )l—l,S(Z)lle(D) 52 “ ||Lp('D)

1,[r(A+8)—¢
20! lrr(S——{’) 1B2-15 (Z)“Lp(ml.

Now from the Bernstein inequality we obtain
||B)'L—1,5(Z)||LP(D) < c(Ap)||Br-15 (Z)”LP(D),

where c(A, p) is a positive constant depending on A and p.

From (4), we have

10
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/ B (/1 _ 1)2ZA—2
1Bi-1,s, oy < € |[S5.2-1(2) - g1 JACE
’ Lp(D)
' 1 (1 —1)2z42
<277 c(4,p)|[S5.-1(2) — 2471, o 2P ‘e, p) HT
’ Lp(D)
2 e(3,p) .
S 5Gop BA+N+206+6+A06~ )+ 1@~ DN (@r)P.

Hence

I+ -7
B2, (Z)”LD(D) <2 W”BA—LS (Z)”Lp@)

1,
2r c(A,p)

56 —0) [BA+N+2(6+O)+AS - +1](A— 1)(20,1_2(7"2)%.

Because it is the case that for A = 1 we obtain B, s (z) = 0, for A > 2 in the latter relation,
we obtain that by using the same calculations as in [16] page 117, we obtain that

@rryre(,p)
55— )

Bys(2) < [6(1+r)+20+8)+ A6 -0 +1](A—1DR2N*2.  (5)

Since EM5 () (2) — f(2) — 5 f () = 5 f(2) = £ daBy 5 (3)

Lp(D)

1
lems 0 - 52 - 5 £ @) - 5 £(2)

Z dyBys (3)
=0

Lp(D)

< Zld,ﬂ”BA,a (Z)“L )’
=0 '

by (5) we reach the desired result. m

4. Conclusions
In our paper, the definition of L,(D) was presented to study the approximation

properties. We discuss the approximation properties by using generalize szasz operator by

using the definition of L,(D). We obtained some approximate properties, like, upper

estimate, voronovskaya type and exact estimate formula.

11
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