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Abstract: 

         Many papers about the approximation of analytic functions on a compact unit 

disk using Szasz- Durrmeyer operator were introduced. These papers are restricted 

to analytic functions. Here we generalize szasz operator by using the definition of 
Lp(𝒟) to get a best approximation to a function in quasi normed spaces. The upper 

bound theorem and Voronovskaja type result are presented.  .       
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1. Introduction  

Concerning the uniform convergence of the complex Bernstein polynomials in the 

complex plane, Bernstein [1] showed that the complex Bernstein polynomials 𝐵𝛿(ƒ)(𝓏) =

∑ (
𝛿
ℓ
)𝓏ℓ(1 − 𝓏)𝛿−ℓƒ (

ℓ

𝛿
)𝛿

ℓ=0  converge to ƒ in 𝒟 if ƒ : ℋ ⟶ ℂ is analytic in the open set ℋ ⊂

ℂ, with 𝒟 ⊂ ℋ (with 𝒟 = {𝓏 ∈ ℂ: |𝓏| < 1} is the open unit disk). 

Gal in [2]  collected Voronovskja-type results with quantitative estimates for the complex 

Bernstein, complex q-Bernstein, complex Baskakov, complex Szasz (more precisely Favard- 

Szasz- Mirakjan), complex Bernstein-Kantorovich, complex Balazs-Szabados, and complex 

Stancu-Kantorovich operators attached to analytic functions on compact disks. 

In Gal  [3], [4], [5], [6] . Gal and Gupta  [7], [8],  [9]  , Gal-Gupta-Mahmudov [10], Gupta 

and Verma [11] , Mazhar and Totik [12] , Walczak  [13], Wood [14], Wright [15], the 

approximation properties of various complex variants for Durrmeyer-type operators were 

intensively studied. 

Define 

Lp(𝒟) =

{
 
 

 
 

ƒ ∶ 𝒟 ⟶ ℂ ∶ ‖ƒ‖Lp(𝒟) = (∫|ƒ|p
⬚

𝒟

)

1
p

< ∞

}
 
 

 
 

, 

where 0 < 𝑝 < 1. 

Below we introduce a modification of the complex szasz- durrmeyer operators: 

𝛦𝛿(ƒ)(𝓏) =∑𝐵𝛿,ℓ(𝓏)ƒ (
ℓ

𝛿
),                                                   (1)

∞

ℓ=0

 

where 𝐵𝛿,ℓ(𝓏) = (
𝛿
ℓ
) 𝓏ℓ(1 − 𝓏)𝛿−ℓ 𝑎𝑛𝑑 𝛿 ∈ ℕ. 

Let us define the stancu type generalization of the operator (1) as follows:  
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𝛦𝑀𝛿(ƒ)(𝓏) = 𝛿∑𝐵𝛿,ℓ(𝓏) (∫ 𝐵𝛿,ℓ(𝑦)ƒ(𝑦)𝑑𝑦
+∞

0

)

∞

ℓ=0

.                         (2) 

The aim of this paper s to prove approximation results using the operator  in equation (2) for 

functions in Lp(𝒟). Also, the exact order of approximation and the Voronovskaja type result 

by this operator is obtained. 

2. Auxiliary Results 

First, we need now the following uxiliary results. 

Lemma 2.1: Let ƒ ∈ Lp(𝒟), ƒ ∶ 𝒟 ⟶ ℂ and there exists 𝐹, 𝐶 > 0 such that |ƒ(𝑤)| ≤ 𝐶𝑒𝐹𝑤. 

Denoting ƒ(𝓏) = ∑ 𝑑ℓ
∞
ℓ=0 𝓏ℓ, 𝑑ℓ ∈ ℛ

+, we have 𝛦𝑀𝛿(ƒ)(𝓏) = ∑ 𝑑𝜆
∞
𝜆=0 𝛦𝑀𝛿(𝑒𝜆)(𝓏) ∀ 𝛿 > 𝐹 

where 𝑒𝜆 is a complex valued function on ℂ. 

Proof: For all 𝜃 ∈ ℕ and 0 < 𝘳 < 1, let us define  

ƒ𝜃(𝓏) = ∑𝑑𝜇𝓏
𝜇

𝜃

𝜇=0

 if |𝓏| ≤ 𝘳 𝑎𝑛𝑑  ƒ𝜃(𝓏) = ƒ(𝑤) if  w ∈ (𝘳, +∞).  

Since |ƒ𝜃(𝓏)| ≤ ∑ |𝑑𝜇|. 𝘳
𝜇 ∶= 𝐶𝘳, ∀ |𝓏| ≤ 𝘳 and 𝜃 ∈ ℕ, ƒ ∈ Lp(𝒟),

∞
𝜇=0  from the hypothesis on 

ƒ it is clear that for all 𝜃 ∈ ℕ it follows |ƒ𝜃(𝓏)| ≤ 𝐶𝘳,ℛ𝑒
𝐹𝑤, ∀ 𝑤 ∈ [0, +∞). 

This implies that for each fixed 𝜃, 𝛿 ∈ ℕ, 𝛿 > 𝐹  

𝛦𝑀𝛿(ƒ𝜃)(𝓏) = ∑𝑑𝜇𝓏
2𝜇 (

𝛿
𝜇
) (1 − 𝓏)𝛿−𝜇 (𝛿∫ (

𝛿
𝜇
)𝑦𝜇(1 − 𝑦)𝛿−𝜇𝑒𝐹𝑦𝑑𝑦

∞

0

)

∞

𝜇=0

. 

Then using 𝛽 distribution for the integral above to get:  

𝛦𝑀𝛿(ƒ𝜃)(𝓏) = ∑𝑑𝜇𝓏
2𝜇 (

𝛿
𝜇
) (1 − 𝓏)𝛿−𝜇.

𝜇!

(𝛿 − 𝜇)!
.

∞

𝜇=0

 

Using the definition of Lp(𝒟), we obtain 

‖𝛦𝑀𝛿(ƒ𝜃)(𝓏)‖Lp(𝒟) = ‖∑𝑑𝜇𝓏
2𝜇 (

𝛿
𝜇
) (1 − 𝓏)𝛿−𝜇.

𝜇!

(𝛿 − 𝜇)!

∞

𝜇=0

‖

Lp(𝒟)
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                            ≤ 𝑐(𝑝)∑‖𝑑𝜇𝓏
2𝜇 (

𝛿
𝜇
) (1 − 𝓏)𝛿−𝜇.

𝜇!

(𝛿 − 𝜇)!
‖
Lp(𝒟)

∞

𝜇=0

 

= 𝑐(𝑝)∑(∫ |𝑑𝜇𝓏
2𝜇 (

𝛿
𝜇
) (1 − 𝓏)𝛿−𝜇

𝜇!

(𝛿 − 𝜇)!
|
𝑝

𝑑𝓏
⬚

𝒟

)

1
𝑝

∞

𝜇=0

 

= 𝑐(𝑝)∑|𝑑𝜇| (
𝛿
𝜇
)

𝜇!

(𝛿 − 𝜇)!
(∫ |𝓏2𝜇(1 − 𝓏)𝛿−𝜇|

𝑝
𝑑𝓏

⬚

𝒟

)

1
𝑝

∞

𝜇=0

 

≤ 𝑐(𝑝)∑|𝑑𝜇| (
𝛿
𝜇
)

𝜇!

(𝛿 − 𝜇)!
(∫ |𝓏|2𝜇𝑝(1 + |𝓏|)(𝛿−𝜇)𝑝𝑑𝓏

⬚

𝒟

)

1
𝑝

∞

𝜇=0

 

≤ 𝑐(𝑝)∑|𝑑𝜇| (
𝛿
𝜇
)

𝜇!

(𝛿 − 𝜇)!
(∫ 𝘳2𝜇𝑝(1 + 𝘳)(𝛿−𝜇)𝑝𝑑𝓏

⬚

𝒟

)

1
𝑝

∞

𝜇=0

 

≤ (𝑝)𝐶𝘳,ℛ∑𝘳𝜇 (
𝛿
𝜇
) (1 + 𝘳)𝛿−𝜇

𝜇!

(𝛿 − 𝜇)!
(∫ 𝑑𝓏

⬚

𝒟

)

1
𝑝

∞

𝜇=0

 

= (𝑝)𝐶𝘳,ℛ∑(
𝛿
𝜇
)

𝜇!

(𝛿 − 𝜇)!
𝘳𝜇(1 + 𝘳)𝛿−𝜇(𝜋𝘳2)

1
𝑝

∞

𝜇=0

< ∞, 

We note that the final series is convergent according to the ratio criterion. Therefore 

𝛦𝑀𝛿(ƒ𝜃)(𝓏) is well-defined. 

Denoting  ƒ𝜃,𝜆(𝓏) = 𝑑𝜆(𝑒𝜆)(𝓏) if |𝓏| ≤ 𝘳 and  ƒ𝜃,𝜆(𝑤) =
ƒ(𝑤)

𝜃+1
 if w ∈ (𝘳,∞).  

Let  ƒ𝜃(𝓏) = ∑ ƒ𝜃,𝜆(𝓏)
𝜃
𝜆=0 . Because 𝛦𝑀𝛿 is linear, we have  

𝛦𝑀𝛿(ƒ𝜃)(𝓏) =∑𝑑𝜆𝛦𝑀𝛿(𝑒𝜆)(𝓏), ∀

𝜃

𝜆=0

|𝓏| ≤ 𝘳, 

it's enough to show that lim
𝜃⟶∞

𝛦𝑀𝛿(ƒ𝜃)(𝓏) = 𝛦𝑀𝛿(ƒ)(𝓏) for all fixed 𝛿 ∈ ℕ and |𝓏| ≤ 𝘳. As 

lim
𝜃⟶∞

‖ƒ𝜃 − ƒ‖Lp(𝒟)=0, and  

‖𝛦𝑀𝛿(ƒ𝜃)(𝓏) − 𝛦𝑀𝛿(ƒ)(𝓏)‖Lp(𝒟) ≤ 𝑐(𝑝, 𝛿)‖ƒ𝜃 − ƒ‖Lp(𝒟), 
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for any |𝓏| ≤ 𝘳, The proof is finished ∎ 

Lemma 2.2: If (𝑒𝜆)(𝓏) = 𝓏𝜆 and S𝛿,𝜆(𝓏) = 𝛦𝑀𝛿(𝑒𝜆)(𝓏), then  

S𝛿,𝜆
′ (𝓏) =

𝛿 − ℓ

1 − 𝓏
S𝛿,𝜆+1(𝓏) − (

𝜆 + 1

1 − 𝓏
−
ℓ

𝓏
) S𝛿,𝜆(𝓏). 

 

Proof: We have   

S𝛿,𝜆(𝓏) = 𝛿∑𝐵𝛿,ℓ(𝓏) (∫ 𝐵𝛿,ℓ(𝑦)𝑦
𝜆𝑑𝑦

+∞

0

)

∞

ℓ=0

 

= 𝛿∑𝐵𝛿,ℓ(𝓏) (∫ (
𝛿
ℓ
) (1 − 𝑦)𝛿−ℓ𝑦ℓ+𝜆𝑑𝑦

+∞

0

) .

∞

ℓ=0

 

Then using 𝛽 distribution for the integral above to get:  

S𝛿,𝜆(𝓏) = 𝛿𝛿!∑𝐵𝛿,ℓ(𝓏)
(ℓ + 𝜆)!

ℓ! (𝛿 + 𝜆 + 1)!
.                                                  (3)

∞

ℓ=0

 

This immediately implies 

S𝛿,𝜆
′ (𝓏) = 𝛿𝛿!∑

(ℓ + 𝜆)!

ℓ! (𝛿 + 𝜆 + 1)!
((
𝛿
ℓ
) 𝓏ℓ(1 − 𝓏)𝛿−ℓ)

′∞

ℓ=0

 

= 𝛿𝛿!∑
(ℓ + 𝜆)!

ℓ! (𝛿 + 𝜆 + 1)!
((
𝛿
ℓ
) ℓ𝓏ℓ−1 ∙ (1 − 𝓏)𝛿−ℓ + (

𝛿
ℓ
)𝓏ℓ ∙ 𝛿 − ℓ(1 − 𝓏)𝛿−ℓ−1)

∞

ℓ=0

 

=
ℓ

𝓏
S𝛿,𝜆(𝓏) +

𝛿 − ℓ

1 − 𝓏
𝛿𝛿!∑

(ℓ + 𝜆 + 1)!

ℓ! (𝛿 + 𝜆 + 2)!
∙ (
𝛿
ℓ
) 𝓏ℓ ∙ (1 − 𝓏)𝛿−ℓ ∙

𝛿 + 𝜆 + 2

ℓ + 𝜆 + 1

∞

ℓ=0

 

=
ℓ

𝓏
S𝛿,𝜆(𝓏) +

𝛿 − ℓ

1 − 𝓏
S𝛿,𝜆+1(𝓏) −

𝛿 − ℓ

1 − 𝓏
∙
𝜆 + 1

𝛿 − ℓ
𝛿𝛿!∑

(ℓ + 𝜆 + 1)!

ℓ! (𝛿 + 𝜆 + 1)!
∙ (
𝛿
ℓ
) 𝓏ℓ ∙ (1 − 𝓏)𝛿−ℓ ∙

1

ℓ + 𝜆 + 1

∞

ℓ=0

 

=
ℓ

𝓏
S𝛿,𝜆(𝓏) +

𝛿 − ℓ

1 − 𝓏
S𝛿,𝜆+1(𝓏) −

𝜆 + 1

1 − 𝓏
S𝛿,𝜆(𝓏), 

which shows the statement's recurrence ∎ 

Corollary 2.3: By direct calculations we get 
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if 

S𝛿,𝜆
′ (𝓏) =

𝛿 − ℓ

1 − 𝓏
S𝛿,𝜆+1(𝓏) − (

𝜆 + 1

1 − 𝓏
−
ℓ

𝓏
) S𝛿,𝜆(𝓏), 

then 

  

S𝛿,𝜆+1(𝓏) =
1 − 𝓏

𝛿 − ℓ
S𝛿,𝜆
′ (𝓏) + (

𝓏(𝜆 + ℓ + 1) − ℓ

𝓏(𝛿 − ℓ)
) S𝛿,𝜆(𝓏). 

3. Main Results 

We first introduce the following upper bound theorem.  

Theorem 3.1: Let 𝒟 = {𝓏 ∈ ℂ: |𝓏| < 1} and ƒ ∈ Lp(𝒟), ƒ ∶ 𝒟 ⟶ ℂ, and ƒ(𝓏) = ∑ 𝑑𝜆
∞
𝜆=0 𝓏𝜆. 

Then for 𝛿 > 𝑙 and 𝛿, ℓ ∈ ℕ, 

‖𝛦𝑀𝛿(ƒ)(𝓏) − ƒ(𝓏)‖Lp(𝒟) ≤ 

2
1
𝑝
−1

𝛿(𝛿 − ℓ)
∑|𝑑𝜆|

∞

𝜆=0

[𝛿((1 + 𝘳)𝜏 + 3) + ℓ + 1](𝜋𝘳2)
1
𝑝𝜆(2𝘳)𝜆−1 < ∞. 

Proof: By using definition of  Lp(𝒟), we get  

‖𝛦𝑀𝛿(ƒ) − ƒ‖Lp(𝒟) = (∫ |𝛦𝑀𝛿(ƒ) − ƒ|
𝑝𝑑𝓏

⬚

𝒟

)

1
𝑝

, 

and by using the recurrence relation of corollary 2.3, we have 

S𝛿,𝜆+1(𝓏) =
1 − 𝓏

𝛿 − ℓ
S𝛿,𝜆
′ (𝓏) + (

𝓏(𝜆 + ℓ + 1) − ℓ

𝓏(𝛿 − ℓ)
) S𝛿,𝜆(𝓏) 

for all 𝜆 ∈ {0, 1, 2, … }, 𝛿 ∈ ℕ. This gives us the recurrence formula immediately 

‖S𝛿,𝜆(𝓏) − 𝓏
𝜆‖

Lp(𝒟)
= ‖

1 − 𝓏

𝛿 − ℓ
[S𝛿,𝜆−1(𝓏) − 𝓏

𝜆−1]
′
 

+(
𝓏(𝜆 + ℓ + 1) − ℓ

𝓏(𝛿 − ℓ)
) [S𝛿,𝜆−1(𝓏) − 𝓏

𝜆−1] +
2𝜆 − 1

𝛿
𝓏𝜆−1‖

Lp(𝒟)
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≤ 2
1
𝑝
−1
[‖
1 − 𝓏

𝛿 − ℓ
[S𝛿,𝜆−1(𝓏) − 𝓏

𝜆−1]
′
‖
Lp(𝒟)

+ ‖(
𝓏(𝜆 + ℓ + 1) − ℓ

𝓏(𝛿 − ℓ)
) [S𝛿,𝜆−1(𝓏) − 𝓏

𝜆−1]‖
Lp(𝒟)

 

+‖
2𝜆 − 1

𝛿
𝓏𝜆−1‖

Lp(𝒟)
] 

= 2
1
𝑝
−1
[(∫ |

1 − 𝓏

𝛿 − ℓ
[S𝛿,𝜆−1(𝓏) − 𝓏

𝜆−1]
′
|
𝑝

𝑑𝓏
⬚

𝒟

)

1
𝑝

 

+(∫ |(
𝓏(𝜆 + ℓ + 1) − ℓ

𝓏(𝛿 − ℓ)
) [S𝛿,𝜆−1(𝓏) − 𝓏

𝜆−1]|

𝑝

𝑑𝓏
⬚

𝒟

)

1
𝑝

+ (∫ |
2𝜆 − 1

𝛿
𝓏𝜆−1|

𝑝

𝑑𝓏
⬚

𝒟

)

1
𝑝

], 

≤ 2
1
𝑝
−1
[
1 + 𝘳

𝛿 − ℓ
(∫ |[S𝛿,𝜆−1(𝓏) − 𝓏

𝜆−1]
′
|
𝑝

𝑑𝓏
⬚

𝒟

)

1
𝑝

 

+(
𝘳(𝜆 + ℓ + 1) − ℓ

𝘳(𝛿 − ℓ)
)(∫ |[S𝛿,𝜆−1(𝓏) − 𝓏

𝜆−1]|
𝑝
𝑑𝓏

⬚

𝒟

)

1
𝑝

+
2𝜆 − 1

𝛿
(∫ |𝓏𝜆−1|

𝑝
𝑑𝓏

⬚

𝒟

)

1
𝑝

], 

hence 

‖S𝛿,𝜆(𝓏) − 𝓏
𝜆‖

Lp(𝒟)
≤ 2

1
𝑝
−1
[
1 + 𝘳

𝛿 − ℓ
‖[S𝛿,𝜆−1(𝓏) − 𝓏

𝜆−1]
′
‖
Lp(𝒟)

 

+(
𝘳(𝜆 + ℓ + 1) − ℓ

𝘳(𝛿 − ℓ)
) ‖S𝛿,𝜆−1(𝓏) − 𝓏

𝜆−1‖
Lp(𝒟)

+
2𝜆 − 1

𝛿
‖𝓏𝜆−1‖

Lp(𝒟)
]. 

Then using Bernstein's inequality for S𝛿,𝜆(𝓏) polynomial  of the degree 𝜆 − 1 we obtain:    

‖[S𝛿,𝜆−1(𝓏) − 𝓏
𝜆−1]

′
‖
Lp(𝒟)

≤ 𝑐(𝜆, 𝑝)‖S𝛿,𝜆−1(𝓏) − 𝓏
𝜆−1‖

Lp(𝒟)
, 

where 𝑐(𝜆, 𝑝) is a positive constant depending on 𝜆 and 𝑝. 

Therefore, it follows 
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‖S𝛿,𝜆(𝓏) − 𝓏
𝜆‖

Lp(𝒟)
≤ 2

1
𝑝
−1
[
(1 + 𝘳)𝑐(𝜆, 𝑝)

𝛿 − ℓ
‖S𝛿,𝜆−1(𝓏) − 𝓏

𝜆−1‖
Lp(𝒟)

 

+(
𝘳(𝜆 + ℓ + 1) − ℓ

𝘳(𝛿 − ℓ)
) ‖S𝛿,𝜆−1(𝓏) − 𝓏

𝜆−1‖
Lp(𝒟)

+
2𝜆 − 1

𝛿
‖𝓏𝜆−1‖

Lp(𝒟)
], 

consequently, we get 

‖S𝛿,𝜆(𝓏) − 𝓏
𝜆‖

Lp(𝒟)
≤ 2

1
𝑝
−1
[
(1 + 𝘳)𝑐(𝜆, 𝑝)

𝛿 − ℓ
(∫ |S𝛿,𝜆−1(𝓏) − 𝓏

𝜆−1|
𝑝
𝑑𝓏

⬚

𝒟

)

1
𝑝

 

+(
𝘳(𝜆 + ℓ + 1) − ℓ

𝘳(𝛿 − ℓ)
)(∫ |S𝛿,𝜆−1(𝓏) − 𝓏

𝜆−1|
𝑝
𝑑𝓏

⬚

𝒟

)

1
𝑝

+
2𝜆 − 1

𝛿
(∫ |𝓏𝜆−1|

𝑝
𝑑𝓏

⬚

𝒟

)

1
𝑝

], 

Using equation (3) and after performing calculations for any > 𝑙 , we get 

‖S𝛿,𝜆(𝓏) − 𝓏
𝜆‖

Lp(𝒟)
≤

2
1
𝑝
−1

𝛿(𝛿 − ℓ)
[𝛿((1 + 𝘳)𝑐(𝜆, 𝑝) + 3) + ℓ + 1]𝜆(2𝘳)𝜆−1(𝜋𝘳2)

1
𝑝. 

Now, by Lemma 2.1, we can write 

𝛦𝑀𝛿(ƒ)(𝓏) = ∑𝑑𝜆S𝛿,𝜆(𝓏)

∞

𝜆=0

 

which implies 

‖𝛦𝑀𝛿(ƒ)(𝓏) − ƒ(𝓏)‖Lp(𝒟) = ‖∑𝑑𝜆S𝛿,𝜆(𝓏)

∞

𝜆=0

− 𝓏𝜆‖

Lp(𝒟)

 

                                               ≤ ∑|𝑑𝜆|‖S𝛿,𝜆(𝓏) − 𝓏
𝜆‖

Lp(𝒟)

∞

𝜆=0

 

≤
2
1
𝑝
−1

𝛿(𝛿 − ℓ)
∑|𝑑𝜆|

∞

𝜆=0

[𝛿((1 + 𝘳)𝑐(𝜆, 𝑝) + 3) + ℓ + 1]𝜆(2𝘳)𝜆−1(𝜋𝘳2)
1
𝑝. 

Then since 0 < 𝘳 < 1, so  

‖𝛦𝑀𝛿(ƒ)(𝓏) − ƒ(𝓏)‖Lp(𝒟) ≤ 
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2
1
𝑝
−1

𝛿(𝛿 − ℓ)
∑|𝑑𝜆|

∞

𝜆=0

[𝛿((1 + 𝘳)𝑐(𝜆, 𝑝) + 3) + ℓ + 1](𝜋𝘳2)
1
𝑝𝜆(2𝘳)𝜆−1 < ∞. 

The Voronovskja type result that holds 

Theorem 3.2: Let 𝒟 = {𝓏 ∈ ℂ: |𝓏| < 1} and ƒ ∈ Lp(𝒟), ƒ ∶ 𝒟 ⟶ ℂ, that is ƒ(𝓏) =

∑ 𝑑𝜆
∞
𝜆=0 𝓏𝜆. Then for all |𝓏| ≤ 𝘳, 𝛿 > 𝑙   and 𝛿, ℓ ∈ ℕ  

‖𝛦𝑀𝛿(ƒ)(𝓏) − ƒ(𝓏) −
1

𝛿
 ƒ′(𝓏) −

𝓏

𝛿
 ƒ′′(𝓏)‖

Lp(𝒟)
≤ 

(2𝜋𝘳2)
1
𝑝𝑐(𝜆, 𝑝)

𝛿(𝛿 − ℓ)
∑|𝑑𝜆|[𝛿(1 + 𝘳) + 2(𝛿 + ℓ) + 𝜆(𝛿 − ℓ) + 1](𝜆 − 1)(2𝘳)

𝜆−2 < ∞.

∞

𝜆=1

 

Proof: We denote 𝑒𝜆(𝓏) = 𝓏𝜆, 𝜆 = 0,1,2,… and S𝛿,𝜆(𝓏) = 𝛦𝑀𝛿(𝑒𝜆,𝓏). By Lemma 2.1, we 

can write 𝛦𝑀𝛿(ƒ)(𝓏) = ∑ 𝑑𝜆S𝛿,𝜆(𝓏) for all 𝛿 ∈ ℕ.
∞
𝜆=0  Also  

𝓏 ƒ′′(𝓏) +  ƒ′(𝓏)

𝛿
=
𝓏

𝛿
∑𝑑𝜆𝜆(𝜆 − 1)𝓏

𝜆−2 +
1

𝛿
∑𝑑𝜆𝜆𝓏

𝜆−1

∞

𝜆=1

∞

𝜆=2

 

=
1

𝛿
∑𝑑𝜆[𝜆(𝜆 − 1) + 𝜆]𝓏

𝜆−1.

∞

𝜆=1

 

Thus 

𝛦𝑀𝛿(ƒ)(𝓏) − ƒ(𝓏) −
1

𝛿
 ƒ′(𝓏) −

𝓏

𝛿
 ƒ′′(𝓏) =∑𝑑𝜆 (S𝛿,𝜆(𝓏) − 𝑒𝜆(𝓏) −

𝜆2𝓏𝜆−1

𝛿
) ,

∞

𝜆=0

 

for any 𝛿 ∈ ℕ, 𝓏 ∈ 𝒟ℛ . 

By corollary 2.3, for any 𝛿 ∈ ℕ and 𝜆 = 0, 1, 2, …, we have 

S𝛿,𝜆+1(𝓏) =
1 − 𝓏

𝛿 − ℓ
S𝛿,𝜆
′ (𝓏) + (

𝓏(𝜆 + ℓ + 1) − ℓ

𝓏(𝛿 − ℓ)
) S𝛿,𝜆(𝓏). 

If we denote 

𝐵𝜆,𝛿 (𝓏) = S𝛿,𝜆(𝓏) − 𝑒𝜆(𝓏) −
𝜆2𝓏𝜆−1

𝛿
,                                      (4) 
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then it's clear that 𝐵𝜆,𝛿 (𝓏) is a polynomial with degree less than or equal to 𝜆. Using the 

aforementioned recurrence relation and some easy calculation obtain: 

𝐵𝜆,𝛿 (𝓏) =
1 − 𝓏

𝛿 − ℓ
𝐵𝜆−1,𝛿
′ (𝓏) + (

𝓏(𝜆 + ℓ) − ℓ

𝓏(𝛿 − ℓ)
)𝐵𝜆−1,𝛿 (𝓏) +

2𝓏𝜆−2(𝜆 − 1)3

𝛿2
 

for any 𝜆 ≥ 1, 𝛿, ℓ ∈ ℕ, 𝛿 > 𝑙, & |𝓏| ≤ 𝘳.  

Hence 

‖𝐵𝜆,𝛿 (𝓏)‖Lp(𝒟)
 

= ‖
1 − 𝓏

𝛿 − ℓ
𝐵𝜆−1,𝛿
′ (𝓏) + (

𝓏(𝜆 + ℓ) − ℓ

𝓏(𝛿 − ℓ)
)𝐵𝜆−1,𝛿 (𝓏) +

2𝓏𝜆−2(𝜆 − 1)3

𝛿2
‖
Lp(𝒟)

 

≤ 2
1
𝑝
−1
[‖
1 − 𝓏

𝛿 − ℓ
𝐵𝜆−1,𝛿
′ (𝓏)‖

Lp(𝒟)
+ ‖(

𝓏(𝜆 + ℓ) − ℓ

𝓏(𝛿 − ℓ)
)𝐵𝜆−1,𝛿 (𝓏)‖

Lp(𝒟)

 

+‖
2𝓏𝜆−2(𝜆 − 1)3

𝛿2
‖
Lp(𝒟)

]. 

This implies  

‖𝐵𝜆,𝛿 (𝓏)‖Lp(𝒟)
 

≤ 2
1
𝑝
−1
[
1 + 𝘳

𝛿 − ℓ
‖𝐵𝜆−1,𝛿

′ (𝓏)‖
Lp(𝒟)

+
2(𝜆 − 1)3

𝛿2
‖𝓏𝜆−2‖

Lp(𝒟)
] 

+2
1
𝑝
−1
[
𝘳(𝜆 + ℓ) − ℓ

𝘳(𝛿 − ℓ)
‖𝐵𝜆−1,𝛿 (𝓏)‖Lp(𝒟)

]. 

Now from the Bernstein inequality we obtain 

‖𝐵𝜆−1,𝛿
′ (𝓏)‖

Lp(𝒟)
≤ 𝑐(𝜆, 𝑝)‖𝐵𝜆−1,𝛿 (𝓏)‖Lp(𝒟)

, 

where 𝑐(𝜆, 𝑝) is a positive constant depending on 𝜆 and 𝑝. 

From (4), we have 
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‖𝐵𝜆−1,𝛿
′ (𝓏)‖

Lp(𝒟)
≤ 𝑐(𝜆, 𝑝) ‖S𝛿,𝜆−1(𝓏) − 𝓏

𝜆−1 −
(𝜆 − 1)2𝓏𝜆−2

𝛿
‖
Lp(𝒟)

 

≤ 2
1
𝑝
−1
𝑐(𝜆, 𝑝)‖S𝛿,𝜆−1(𝓏) − 𝓏

𝜆−1‖
Lp(𝒟)

+ 2
1
𝑝
−1
𝑐(𝜆, 𝑝) ‖

(𝜆 − 1)2𝓏𝜆−2

𝛿
‖
Lp(𝒟)

 

≤
2
1
𝑝
−1
𝑐(𝜆, 𝑝)

𝛿(𝛿 − ℓ)
[𝛿(1 + 𝘳) + 2(𝛿 + ℓ) + 𝜆(𝛿 − ℓ) + 1](𝜆 − 1)(2𝘳)𝜆−2(𝜋𝘳2)

1
𝑝. 

Hence 

‖𝐵𝜆,𝛿 (𝓏)‖Lp(𝒟)
≤ 2

1
𝑝
−1
[
𝘳(𝜆 + ℓ) − ℓ

𝘳(𝛿 − ℓ)
‖𝐵𝜆−1,𝛿 (𝓏)‖Lp(𝒟)

] 

+
2
1
𝑝
−1
𝑐(𝜆, 𝑝)

𝛿(𝛿 − ℓ)
[𝛿(1 + 𝘳) + 2(𝛿 + ℓ) + 𝜆(𝛿 − ℓ) + 1](𝜆 − 1)(2𝘳)𝜆−2(𝜋𝘳2)

1
𝑝. 

Because it is the case that for 𝜆 = 1 we obtain 𝐵𝜆,𝛿 (𝓏) = 0, for 𝜆 ≥ 2 in the latter relation, 

we obtain that by using the same calculations as in  [16] page 117, we obtain that 

𝐵𝜆,𝛿 (𝓏) ≤
(2𝜋𝘳2)

1
𝑝𝑐(𝜆, 𝑝)

𝛿(𝛿 − ℓ)
[𝛿(1 + 𝘳) + 2(𝛿 + ℓ) + 𝜆(𝛿 − ℓ) + 1](𝜆 − 1)(2𝘳)𝜆−2.         (5) 

Since 𝛦𝑀𝛿(ƒ)(𝓏) − ƒ(𝓏) −
1

𝛿
 ƒ′(𝓏) −

𝓏

𝛿
 ƒ′′(𝓏) = ∑ 𝑑𝜆𝐵𝜆,𝛿 (𝓏)

∞
𝜆=0  

‖𝛦𝑀𝛿(ƒ)(𝓏) − ƒ(𝓏) −
1

𝛿
 ƒ′(𝓏) −

𝓏

𝛿
 ƒ′′(𝓏)‖

Lp(𝒟)
= ‖∑𝑑𝜆𝐵𝜆,𝛿 (𝓏)

∞

𝜆=0

‖

Lp(𝒟)

 

≤∑|𝑑𝜆|‖𝐵𝜆,𝛿 (𝓏)‖Lp(𝒟)

∞

𝜆=0

, 

by (5) we reach the desired result. ∎ 

4. Conclusions 

              In our paper, the definition of Lp(𝒟) was presented to study the approximation 

properties. We discuss the approximation properties by using generalize szasz operator by 

using the definition of Lp(𝒟). We obtained some approximate properties, like, upper 

estimate, voronovskaya type and exact estimate formula.   
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